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BBenenue

[IpakTHueckue 3aHATUS CIOYXKaT CBA3YIOIIMM 3BEHOM MEXJIy Teopuedl u mnpakTukod. OHu
HEOOXOUMBI ISl 3aKPEIUICHUs] TEOPETHUECKUX 3HAHUM, MMOJyYEeHHBIX HA YPOKAX TEOPETUUYECKOrO
00y4eHHs, a TaK K€ JUIsl OJyUYeHUs] IPAKTUYECKUX 3HaHUMU. [IpakTuueckue 3aaHusl BBITOIHSIOTCS
CTYJEHTOM CaMOCTOSITENIBHO, C IPUMEHEHUEM 3HAaHUN M YMEHUH, MOJIY4YEHHBIX HAa YPOKAX, a TaK )K€
C HMCIIOJIb30BaHNEM HEOOXOAMMBIX MOSCHEHH, MOJYYSHHBIX OT MPEINOoaBaTelisi IPU BbIIOJIHEHUH
IPaKTUYeCKoro 3aiaHus. K mpakTtuueckoMmy 3aHATHIO OT CTylIEHTa TpeOyercsl IpeaBapUTeIbHas
MOJrOTOBKA, KOTOPYIO OH JIOJDKEH NMPOBECTU Nepel 3aHATuEM. CIHCOK JUTEepaTyphbl U BOIPOCHI,
HEOOXOJIMMBbIE HpPU MOJArOTOBKE, CTYIEHT IIOJy4yaeT Iepe] 3aHATHEM W3 METOJUYECKUX
PEKOMEHIalU{ K PAKTUYECKOMY 3aHATUIO.

[TpakTuyeckue 3ananus pa3paboTaHbl B COOTBETCTBUU C yueOHOM mporpammoii. B 3aBucumoctu ot
COJICpKAHUSI OHU MOTYT BBITIOJHSTHCS CTYA€HTAMH WHAWBUYATBHO WM (PPOHTAIIBHO.

3ayer 1O KaXIOW NPAKTUYECKOH paboTe CTyIeHT Moidy4yaeT Mocie €€ BBIIOJHEHUS |
NPEOCTABIICHHUS B TICUATHOM WJIM AJIEKTPOHHOM BHJE, OPOPMIICHHUS OTYETAa B KOTOPOM YKa3bIBaeT
IIOJyYEHHbIE 3HAHUSA U YMEHUsS B XOJ€ BBINOJIHEHUS NPAKTUYECKOH paboThl, a TakKe OTBETOB Ha
BOIIPOCHI IIPETIOABATENIs, €CIIU TAKOBBIE BO3HUKHYT IIPU IIPOBEPKE BBIIIOJTHEHHOI'O 3aJaHus.

JlunakTuueckass 1eflb  IPaKTUYECKUX paboT - ¢dopMupoBaHue y  OOydaroumuxcs
npoeCCHOHATPHBIX YMEHUH, a TakkKe MPaKTHUYECKUX YMEHUH, HEOOXOIMMBIX I H3ydYeHHS
MOCEAYIOMUX YYeOHbIX AMCLUMIUIMH, a TakXe IOArOTOBKAa K NPUMEHEHHIO 3THX YMEHHUHl B
npodecCHOHATBLHOMN IS TETFHOCTH.

Tak, Ha NpPaKTUYECKUX 3aHATUAX MO AUCHMILIMHE MaTemMaTHYecKHe METOABl PELICHUS
NPUKIIAJHBIX MPO(GECCHOHANTBHBIX 3a7ad y oOydaromuxcs (GOpMHpPYETCs YMEHHE pemiaTh 3a7aq,
KOTOPOE B JaJbHEHIIEM JOJKHO OBITh MCIIOJIB30BAHO M pelIeHUs NpodecCHOHAIbHBIX 33a4 110
CIIEMAJIbHBIM JTUCIUILUIMHAM.

B xozme mnpaktuueckux paboT oOyvaromiuecss OBJIAJEBAlOT YMEHHUSAMH I10JIb30BaThCA
MH(POPMALMOHHBIMUA UCTOYHUKAMHU, PAa0OTaTh C HOPMAaTUBHBIMH JIOKYMEHTAMH U UHCTPYKTHBHBIMH
MaTepHuajaMH, CIPaBOYHMKAMM, BBIIOJIHATH YEPTEXH, CXEMbl, TAOJIUIlbl, peliaTb Pa3HOro poja
3a/1a4H, JeJaTh BIYUCICHUS.

3amaud, KOTOpBIE DpEIIAIOTCA B  XOAE MNPAKTUYECKMX 3aHATUH 10 JAUCLHUIIIMHE
MaremaTHuecKie METO/IbI PEIICHNUS TPUKIIAIHBIX MPO(HECCHOHANBHBIX 3a/1a4:

1) pacupeHue U 3aKpeneHne TeOPeTUUECKUX 3HAHUHM [0 MaTeMaTHKe, MOJIyYeHHBIX B XOe
JICKIIUOHHEIX 3aHSATHIL

2) ¢opmupoBaHue y OOydarOIIMXCS MPAKTUYECKMX YMEHHMH M HaBBIKOB, HEOOXOAMMBIX IS
YCIEIIHOT'O peIleHuUs 3a/1a4 110 MaTeMaTHKE;

3) pa3BuTHE y OOydaroUIMXCsi MOTPEOHOCTH B €aMOOOpA30BAHMU U COBEPLICHCTBOBAHUU
3HaHUHU U YMEHMI B IPOLIECCE U3YUYEHUSI MAaTEMATUKH;

4) ¢dopmupoBaHUE TBOPYECKOI'O OTHOUIEHHS M HCCIEAO0BATENBCKOrO MOJAX0/Aa B Ipolecce
U3Y4YEHUS] MaTEMAaTUKH;

5) dopmupoBaHue npodeccnoHaIbHO-3HAUUMBIX KauecTB OyAyIlero CrelyanicTa 1 HaBbIKOB
NPUIOKEHHUS TIOTYYCHHBIX 3HAHUH B Tpo(decCHoHaNbHOM cdepe.

Kpurepun ouneHku:

OTBET OLIEHUBAETCSI OTMETKOM «5%», €CIIN:

pa0oTa BBINOJIHEHA MOJHOCTHIO;

B JIOTUYECKHX PACCYKICHUIX M 000CHOBAHUH PEIICHHUS HET MPOOEIIOB U OMIMOOK;



B PCIICHUH HET MAaTeMaTHYECKUX OIMIMOOK (BO3MOXHBI HEKOTOPbIE HETOYHOCTHU, OIMCKH,
KOTOpas He SABJIAETCS CJIEICTBUEM HE3HAHUS WM HEMIOHUMAaHUS y4eOHOro MaTepuana).

OtmeTKa «4» CTaBUTCS B CIEAYIOIINX CIy4asx:

paboTa BBHINIOJHEHA MOJHOCTHIO, HO OOOCHOBAHHS IIAroB pPEIICHHs HEIOCTATOYHBI (eciu
yMeHHE 000CHOBBIBATh PACCYKICHHUS HE SBJSUIOCH CIICUATHHBIM 00BEKTOM MPOBEPKH );

JIOTYIIEHbI OfHAa OIIKUOKA, WJIK €CTh 1Ba — TPU HEAOYETA B BHIKJIAIKAX, PUCYHKAX, YEPTEKaAxX
i rpadukax (eciiv 3TH BHIIBI pabOT HE SBISLTUCH CIICIIUATBLHBIM 00BEKTOM IMPOBEPKH).

OtmeTKa «3» CTaBUTCS, €CIIH:

JOMYIIEHO He Ooyiee ABYX OMIMOOK WM Oojiee NIBYX — TPEX HEJOYETOB B BBIKJIAJIKAX,
yepTexxax win rpadukax, Ho oOydaromuiics o01anaer o0s3aTeIbHBIMA YMEHUSIMHU 10 TIPOBEPSIEMOM
TEeME.

OtMeTKa «2» CTaBUTCS, €CIIH:

JOMYIICHBI CYIIECTBCHHBIE OIMMOKHM, TIOKa3aBIIKe, 4YTO oOydJammuiics He o0iamaer
00s3aTeNTbHBPIMU YMEHHUSIMHU 110 IaHHOM TeMe B IIOJTHOM Mepe.

[IpenomaBaTenb MOXET MOBBICUTH OTMETKY 3a OPUTMHAJIBHBIA OTBET HAa BOMNPOC WIHU
OpUTHHAJILHOE pEeIlIeHUEe 3aJayd, KOTOpPHIE CBHJIETEIBCTBYIOT O BBICOKOM MaTeMaTHUYECKOM
pPa3BUTUU OO0YYAIOIIErOCs; 3a pelIeHHe 0oJiee CIOKHOW 3aJayd WM OTBET Ha 0ojiee CIIOXKHBIN
BOIPOC, MpPEJIOKEHHBIE O00y4aroleMycs JIOMOJHUTENBHO IOCJIE BBIMOJHEHUS MM KaKUX-ITHO0
JIPYTHUX 3aJaHUMN.



IIpakTHyeckoe 3ansitue Ne 1
Jeiicmeus nao mampuyamu

Heanb padoTbi: HayuuThCs BEINOJIHATH JEUCTBUS C MATPUIIAMU.
IToaroroBka k padore: I[loBTOpUTH TEOpETHUECKUI MaTeprall IO TeMe «MaTpuLbD.
3ajgaHue HA 3aHATHE:

A:(—z -5 7) B:(—3 8 4
n

-3 1 0 4 0 5

1. Jlanbl MaTpuIsl . Haiitu matpunry C = 5A —2B.

_[5 1 _12 0
A= B=
2. JlaHbBI MaTpUIIBI 2 =3 u 0 1 . Haiitu matpuny C = A" B.
0 -1 2
2 1 1 3 1
A=
3 0 1| B=2 1
3. JlaHbl MaTpuIbl 3 7 1 u 10 . Haiitu matpuny C = A-B.
1 21 4 1 1
A={2 1 2| B=|4 2 0
4. JlaHbl MaTpUIIBI 123 u 121 . Haittu matpunry C = A:B — B-A.
1 21 4 1 1
A=|2 1 2| B={4 2 0 3A*-2B°
5. JlaHbl MaTpuibl 123 u 121 . Haittu matpuny C =

IMopsinok mpoBeeHNs 3aHITHS:
1. Tlomy4yuTs momyck kK pabote
2. BLIIOnMHATE 3aMaHus
3. OTBETUTH HA KOHTPOJIbHBIE BOIIPOCHI.

Conep:kanue oTuyera:
1. HammeHoBaHwMe, 1IeTIb 3aHATHS, 3aJaHNC;
2. BrimonaeHHOE 3aMaHKE;
3. OTBeThI Ha KOHTPOJIbHBIE BOIPOCHI.

KoHnTpoJbHBIE BONIPOCHI 115 3a4eTa:

1. Yto Ha3bIiBaeTCs MaTpUIICii?

2. Yto Ha3bIBaeTCs CyMMOM MaTpuil?

3. Uto Ha3bIBAaETCS MPOU3BEACHUEM MATPHUIBI HA YUCIIO?

4. Kakas MaTpuia Ha3bIBa€TCsl TPaHCIIOHUPOBAHHOM K MaTpuie A?

5. Kak HaiiTu npou3sBeieHHe IBYX MaTpuIl?

6. B ueM coctout 00s13aTeNIbHOE YCIOBUE CYIIECTBOBAHUS MPOU3BEACHHSI MATPHIL?
IMPUJIOKEHUE

Mampuyeii pazmepa mxn, IIe M- YUCJIO CTPOK, N- YUCIIO CTOJIOLOB, HAa3bIBAaeTCs TabIULA
YHCell, PACMIOJIOXKEHHBIX B OMPEASIIEHHOM MOPSIKE. DTH YKCiia Ha3bIBAKOTCS 3JIEMEHTAMU MaTpHLIbI.
MecTo KaXa0ro »SJIEMEHTa OJHO3HAYHO OIpeneNnseTcs HOMEpPOM CTPOKM M CTOlOIa, Ha
[epeceuyeHN KOTOPbIX OH HAXOAWUTCS. DJEMEHThl MaTpUlbl 00O3Ha4aroTCid @, TA€ i- HOMEp
CTPOKH, a j- HOMep CTOJ01a.



A= ml

. T o
Tpancnonuposannoii k Matpulle A Ha3bIBAETCA MaTpULia A, y KOTOPOi CTPOKU U CTOJIOLbI
MEHSIOTCSI MECTaMU.

1 0 3 1 2 1
2 4 1 0 4 -4
Hampumep, A = 1 -4 2 , AT= 31 2 ;

HeiicTBUs ¢ MAaTpUIIAMK

A ( a..)
1) Ymnoowcenue mampuywvl na yucno. JIjast TOro 4ro0bl YMHOKHTH MATPHILY i) ga gymucno

A o A )\A :( )\a )
, HY)KHO K@)l 3JIEMEHT MaTPHIIBl 4} YMHOXHUTH Ha 3TO YHUCJIO: .
2) Cnoorcenue mampuy. CKIIabIBaTh MOXHO TOJIBKO MaTPHIIbI C OJJUHAKOBBIM YHUCIOM CTPOK U

N A=(a;| B=(b,|
CTOJIOIOB, T.€. MATPHUIIBI OJJUHAKOBBIX pazMepoB. CyMMOM MaTpuIl U'n ) Ha3pIBaeTCA

MaTpuLa C:( €ij ), AJIEMEHTHI KOTOPOM paBHBI CyMMaM COOTBETCTBYIOIIMX 3JIEMEHTOB MaTpPULL A
u B , T.C. € :aij+ bij JUTsT TFOOBIX MHIEKCOB 1, J.
1 2 3 1 3 4
2 1 4 5 7 8
ITpumep. Jlanbl MaTpuLbl A = 323 ;B= 1 24 , Haiitu 2A + B.
2 46 3 7 10
4 2 8 9 9 16
2A:646’ A+p=!/ 06 10]

3) Ymnoorcenue mampuy. llpousBeneHue mMaTpUllbl A na MAaTpUILY B (ob6o3HauaeTcs AB)
OTIpPE/ICNIEHO TOJILKO B TOM CIy4yae, KOTJa YHUCIIO CTOJIOIOB MATPHIIBI A pPaBHO YHCIYy CTPOK
MaTpHIbI B B pe3yibTaTe YMHOXKEHUS MOJYYUM MaTpUIly C= AB, y KOTOpPO# CTOJBKO K€

CTPOK, CKOJIbKO UX B MaTpule A , 1 CTOJIBKO K€ CTOJ'I6HOB, CKOJIBKO UX B MaTpuue B .

1
4
IIpumep. Haittu npousBenenue matpuil A = 3 I/IB:(AZ 4 1,).
1 1.2 14 11} (2 4 1
4 42 44 4-1|=8 16 4
Ag='3/[2 4 1/_132 34 31] 16 12 3]
1
4

BA=12 4 1113) ooy y4ar13=2+1643=21



:

IIpumep. Halitu npousBeaeHre MmaTpui A=(1 2),B= 5 6
(3 4
Ap=I1 2|15 6]_[3+10 4+12|_|13 16|

IIpakTHyeckoe 3ansitue Ne 2
Buviuucnenue onpedenumeneii 2, 3 u 4 nopaokoe

Heanb padorei: HayunThCs BEIUMCIATH ONpeaennuTent 2,3 U 4 IOpsAIKOB.

IHoaroroBka k padore: [loBTOpuTh TEOpETHUECKHIT MaTepral 1o TeMe «OnpenenuTenn.
3amanue HA 3aHATHE:

Boeruncnuts onpenenureny:

; 6 —4 5 5 0 3 121 110 SINCGL  —COS d
Bl i 132 121 “lecosa sina
2 4 1l 4
log, 5 —log, 16 3 i3 Y Py
5 0g; 0gg 10 6. 3 5_ . 2 3'
logg 3 logs 2 1 3 2 2
2 2 7 3
1 -1 =3 5 1 -16 1 -2 =2
8.[-2 -1 7. 9.4 -2 13]. 10. -6 3  22]|.
4 -5 -10 8 —4 =23 4 11 -3
50
32 0]
1m0 7 -1
-1 1 2
13 2 1
-1 9 1 4
|—2 1 4 —1‘
4 1 -5 6
3215 8

Iopsiiok npoBeaeHus 3aHATHS:
4. TlomyuuTs AOMYCK K pabote
5. BEBIOIHUTE 3a7aHUS
6. OTBeTUTh Ha KOHTPOJIbHBIE BOIIPOCHI.

Coaep:xanue oryera:



4. HaumeHoBaHue, 11€JIb 3aHATHUSA, 3aJJaHHE;
5. BrimmonHeHHOE 3a/1aHuE;
6. OTBETHI HA KOHTPOJIbHBIE BOIIPOCHI.

KonTtpoJ/ibHbIe BOPOCHI /151 3a4eTa:
1. Yto Ha3bIBaeTCS ONMpPEACIUTEIIEM MATPHULIbI?

2. Kakue crocoObl BEIUMCICHUS ONPEeIUTENeH BaM U3BECTHBI?

IMPHJIO)KEHUE

PaccmoTpum kBasipaTHYIO0 MaTpHILy, COCTOSIIIYIO U3 YETHIPEX FJIEMEHTOB:

a a
A= 11 12

ary an

Onpeoenenue
1. OnpenenuresieM Wi 1eTEPMUHAHTOM  BTOPOT0  TOPSAKA, COOTBETCTBYIONIUM  MaTpHIIC,

HA3BIBACTCS YUCIIO, PABHOE PA3HOCTU MPOU3BEICHUN JIEMEHTOB CTOSIINX Ha IIAaBHOW JHAroHaH,
Y DJICMEHTOB, CTOSIIIIUX HA MOOOYHOM IUaroHanu (onpeaeanuTenb 0003HadaeTcss Win detA).
ay  dp2
det 4 = =a ay; —daxa
az; 4y

5 @ 3 -2
=3 ol =il >3 = i 7 =3-7-4-(-2)=29
HpHMep1)4 6 , 2)

a a2 a3
A=|ay ap ay

PaccmoTpuM KBagpaTHYIO MAaTPUILy, COCTOSIIIYIO U3 AEBATH HJIEMEHTOB: 931 932 933

Onpeoenenue 2. Onpedenumenem unu oemepMuHanmom mpemupezo
nopsaoka, cCOOTBETCTBYIOMUM Matpulle (1.2), Ha3bIBaeTCsS YUCIO PAaBHOE
app app 43
detA=|A=|ay; ayy ay| =a11422a33 +a21az3a13 +azd;pdr3 —
d31 3z 33 —a13a222a3] —a21912433 —a11932423.

CrtpyKTypa 3TOro BBIpaKE€HHUS IIOMOraeT MOHATh HarisaHoe npaswio Capproca. [lpunumem k
AJIEMEHTaM OIpEeNIEeIUTENs ClpaBa NepBbI U BTOPOM cTONOIBI onpeaenuTens. Tpu npousBeneHus,
COOTBETCTBYIOILIUE IIPSMBIM, APAJUICIBHBIM IVIABHOM AMArOHAIM, HAN0 B3ATh CO 3HAKOM IUIIOC, a
OCTAJIBHBIC TPU MMPOU3BCACHUA, COOTBECTCTBYIOIIUC IIPAMBIM, IapalJICIIbHBIM Mo0OYHOM AuaroHaiau,
HaJI0 B3ATh €r0 CO 3HAKOM MHUHYC.

-1 3 2
2 8 l=(-1)-8:243-1:142-2:1-2-8-1=(=1)-1:1-3-2.2=

11 1 2
Ipumep 1. =—16+3+4-16+1-12=-36,
CaoiicTBa onpeaenuresiei
1°. Bennuuna onpenenurens He K3MEHUTCS, €CIIU €10 CTPOKU U CTOJIOLBI IOMEHSTh MECTAMH.

a; 412 a3 |91 421 43)

d|=lay) ay axn|=la axn a3

a a
|A| — 11 12 — all 6121
dz1 Q| |a;p ap laz; a3 az3| |az ax;  as

2°. TlepecTaHoBKa JIBYX CTPOK WJIM CTOJIOIOB ONPEIEIUTEINS] PABHOCHIIBHA YMHOXKEHHIO €ro Ha

-1).



3". Ecu onpenenurens UMEET JBE OJAMHAKOBBIE CTPOKH MJIM [BAa OJMHAKOBBIX CTONOLA, TO OH
paBeH HyJIIO.
4°. YMHOKEHHE BCEX DIEMEHTOB CTPOKM WIM CTOJIOLA ONpENeNuTeNs Ha J00oe
YUCIIO A PABHOCHIBHO YMHOXKEHHUIO OMPEIESITUTENS Ha 9TO YHUCIIO A.
Aay; Aajo ayy  ap Aayy ap a3 ay ap a3
=4 Aay) ayy ap|=A-lay ayp ay
azi ) dz1 an ’ Aayy ayy  as3 ay) ay  axp

5°. Ecni BCe 2J1eMEHTBI HEKOTOPOTO CTOJIONA WIIK CTPOKH ONPEENUTENS PABHBI HYJIIO, TO ¥ Cam
OIPENIEIUTENb PABEH HYIIIO.

6. Ecti ayieMeHTBI [ByX CTPOK WJIM JBYX CTOJIOLOB ONPENENHUTENS MPOIMOPLUHOHATIBHEL, TO
OIPEIEIUTEINb PABEH HYIIIO.

7°. Eciiit Kakbli 9J1eMEHT JIF000T0 CTONIONA WK JIFO00M CTPOKU ONPENETUTENS NPEACTABIEH B
BUJIE JIBYX CJaraeéMblX, TO ONPEIEINTENIb MOXKHO MPEACTaBUTh B BUJIE CyMMBI JIBYX OIIpeesIuTeNeH.

ay+by ap a lay apn ais| by oap u,_;l

[y +byy Gz aa3|=lay @y dxz|+by ap axn

ag +by azy ax

1 {I:” 1133 ¢J33 ih_-;] 3y dz

’ ? " aHanormuHo 11 onpesenuTeneil 2-ro MopsIKa.

8. Ecnu K oneMeHTaM HEKOTOPOHW CTPOKHM HIJIM CTOJIONA NPHUOABUTH COOTBETCTBYIOIIME
AJIEMEHTHI JIPYroil CTPOKM WM CTOJNOIA, YMHOXXEHHBbIE Ha JH000H OOLIMIl MHOXUTENIb A, TO
BCJIMYHHA ONIPCACINTEIIA HC UBMCHUTCA.

Ml” aj;
Onpeoenenue 3. Munopom Y >1eMeHTa Y ONPENEIINTENs]  HA3bIBAETCA  ONPEACIIUTEIND,
HOHy‘ICHHBIfI U3 JaHHOI'0 OIPCACIMTCIIA BBIYCPKHUBAHUCM CTPOKH U CTOJ'I6IIa, Ha HEpCCCUCHUU
KOTOPBIX PACIIOJIOKEH ITOT 3JIEMEHT, T.€. I — Ol CTPOKU U j — IO cTos0IA.

Al” Cll“
Onpeoenenue 4. Anceopauueckum oononnenuem 'V sneMenta Y onpenenuTens Ha3bIBaCTCS

. _(_\itJ
MUHOP 3TOTO 3JIEMEHTa, YMHOKEHHBIN Ha (=™ , T.€. Alj == Mij .
st BeIuncaeHus: anreOpandecKux TOTOJHEHUN JIEMEHTOB OINPEACIIUTENEH TPEThETo MOPsIKa
+ -
L & o

3HAKH JIETKO 3aIllOMHUTH O cleayomei cxeme: I+~ .

4 7 -2 3 5
3 -1 5 =3.7-5.5=21-25=-4

5 7 .

M

A=
Hamnpuwmep: L ¢ 7
1+2
g =1 M =D - () =4
9°. OnpeienUTENb PaBEH CYMME TIPOU3BEIEHHH SJIEMEHTOB KAKOM-HUOY b CTPOKH MJIM CTONIOIA
Ha WX ajreOpandecKue TOTIOTHEHHS.

Mlz—‘

3
= a/-A/-
Hanpuwmep: A= allAll + a12A12 + a13A13:; 141 .

10°. CymMMa mpou3BeIeHUH DIIEMEHTOB KaKOrO-HUOY/Ib CTOJIONA WIH CTPOKH ONPENETUTENS Ha
anreOpanyecKkre JOMOJHEHHsI COOTBETCTBYIOIIMX 3JEMEHTOB JPYroro CToja0La WM CTPOKH paBHA

HYJIIO.
3

Zdlezj =0

ajpdyy +appdyp +aj34;3 =0 4

Hampuwmep:

IIpakTHyeckoe 3ansitue Ne 3

Pewenue cucmem ypasnenuit memooamu Kpamepa, I'aycca, memo-
00Mm 0Opamuoil mampuyl
Heab padoTbi: HayuuThes pemiath CUCTEMbI TUHEUHBIX YPABHEHUIN pa3IUnyHbBIMUA METOIaMH.
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IToaroroBka k padore: IloBropurh TeopeTHueckuil matepuan mo temMe «CHCTEMbI JUHEHHBIX
YpaBHEHUI»
3aganue Ha 3aHATHE:
1. PemmuTh cUCTEMBI JMHEHHBIX YpaBHEHUH METOJOM 0OpaTHOM MaTpuilbl, MeTos oM Kpamepa
u MetozioM ["aycca.

DA e
1l

2)‘

U

[

3x1+2x2+x3

i

Iopsiok npoBeaeHNs 3aHATHS:
1. Tlomy4yuTs momyck K pabote
2. BroImonHuTh 3amaHus
3. OTBeTUTh HA KOHTPOJIbHBIE BOIIPOCHI.

Conep:kanue oTuyera:
1. HammeHoBaHwMe, 1ICTIb 3aHATHS, 3aJaHNC;
2. BrimonneHHoe 3agaHue;
3. OTBeTbI Ha KOHTPOJIbHBIE BOIPOCHI.

KOHTpOJ’ILHLIe BOIIPOCKHI JIsA 3a49€Ta.

1. Kak 3anucath mpocTeiiiee MaTpudyHOe ypaBHEHHUE?
2. VYKaxuTe aJropuTM PELICHUs MPOCTEHIIEr0 MAaTPUUHOTO YPABHEHUSI.
3. Kaxk npoBepuTh NpaBUILHOCTh PEUICHHS MPOCTEUIIIEr0 MATPUYHOTO YpaBHEHUS ?
4. Cdopmynupyiite Teopemy Kpamepa.
5. 3ammmure Gopmynel Kpamepa.
MMPUJIO)KEHUE

Marpuusblid MeTon v MeTtoja Kpamepa NMpUMEHUMBI TOJBKO K TEM CHCTEMaM JIMHEWHBIX
YpaBHEHUH, B KOTOPBIX YHCJIO HEM3BECTHBIX PABHAETCS YUCITY YPaBHCHUH.
111
| .{
V (LR € “uu|||nmummuunnumuum“L‘

MRS

MaTpu4HBIi METOJ pelIeHUs] CUCTEeM JIMHEHHBIX YPAaBHEHU I

IlycTe nana cucrema ! IMHEWHBIX YPAaBHEHUM C 71 HEN3BECTHBIMU:



n

21 22 2n
. a, a., ... ap.
0O603Ha9nM MaTpuIly Kod()(PHUIIMEHTOB TIepe] HEU3BECTHBIMU: A = ,
X b,
X b,
X b
BEKTOp HeusBecTHbIX: X = | "/, BekTOp CBOOOAHBIX wieHoB: B= | "
Torpa cuctemMy JTMHEMHBIX YpaBHEHUH MOKHO 3alMcaTh B PaBHOCUILHON MaTpU4yHOU (hopme:
A-X=B
OTO paBEHCTBO Ha3bIBA€TCSI MPOCTEHIIMM MAaTPUYHBIM ypaBHEHHEM. Takoe ypaBHEHHE pellaeTcs
cienyrommM obOpa3zom. Eciu marpuma A — HEBBIpOKIeHHas (T.€. |A|¢0), TOr/la PELICHUE
HaXOHUTCSA 110 (popMyJIe: X=A"B
| l‘ (i
e it
IIpumep. Pemmth MaTpUYHBIM METOJIOM CUCTEMY YPaBHEHUM: | ‘
5 -1 -1 0 X
1 2 3 14 y
CocTtaBUM MaTpulbl A = 43 2 , B= 16 , X= z
Haiinem obpatHyto matpuiy A™:
5 -1 -1
AT 2 3=
43 2 54:9)+ 12— 12)— 1(3-8)=-25— 10 +5 = -30,
|2 3| ‘—1 —1| ‘—1 —1|
A= 3 2 =-5; Ay =— 3 2 =-1; Az = 2 3 =-1;
13 5 -1 5 -1
[ I=10; o F4 L, =16
A12:—4 2 A22:4 2 A32:_1 3
1 2 5 -1 5 -1
At S FI L IFL
A= Ay =— Az =
1 1 1
6 30 30
1 7 8
1 > 1 1 3 15 15
|10 14 <16 |1 1 n
-5 -19 11 6 30 30
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Haxonum matpuny X:

11 1 1,,14,16
6 30 30 6 30 30 )
. 1.7 8, _1,.98 128 | [,
3 15 15 3° 15 15
y 1 19 11|14 1,,266 176 3
< \Z] _,g_|6 30 30][16/_|6 30 30

Pewmenune cucremsr: x =1; y =2;z=3.
Metox Kpamepa ans penieHusi CHCTeM JTHHEHHBIX YPABHEHH
Teopema Kpamepa. Cucmema n auneiinvlx ypasHeHuu ¢ N HEU3BECMHbIMU, ONpeOerumens

KOMOpOU Omauyen om Hyns, 6ce20a umeem peuleHue u npumom eouHcmeennoe. Imo peuterue
Modicem Oblmb HAUOEHO No gopmynam

ay Ay iy
A= G e g
Al AZ An
X, =, X,=—— X =—
1 b 2 b )
A A A 20e Uny Oy i - onpeodenumensd CUCMeMbl
b, a, a, ay b, app ay dp b,
A= b, a .. Don| Azz|az1 b, ... G| A =% 2 bz‘
n
b, a, ... a, Gy by oo @y d, G, ... b,

R

ITpumep. Pemmts cucremy ypaBHeHM MeToioM Kpamepa:

5 -1 -1
12 3

A=4 3 2 C54_9)+(2-12)-(3-8)=-25-10+5=-30;
0 -1 -1
4 2 3

A=1003 2 — 08 48)- (42-32)=-20-10=-30.
5 0 -1
1 14 3

A=41602 — 5008 48)— (16 56) = -100 + 40 = -60.
5 -1 0
12 14

A= 4 3 16— 5030 42)+ (16— 56)=-50 — 40 = -90.
Al AZ A3

x=A4=1 xn=4=2 x=A4=3
11



Metona I'aycca i1 penieHusi CMCTEM JIMHEHHBIX YPaBHEHUi

PaccMoTpuM MpoOU3BOIIBHYIO CUCTEMY JTMHEMHBIX ypaBHEHHU. CucTtema
m ypaBHEHUM C 7 HEU3BECTHBIMU B OOIIIEM BU/JIC 3alTUCHIBACTCS
CJIEAYIOIINM 00pa30M:

-

rie a; — ko3 duuneHTsl, a b; — mocTossHHBIE. PelieHnemM CUCTEMBI SBISIOTCS 71 YUCEIl, KOTOPBIE TIPH
MOJICTAHOBKE B CHCTEMY IPEBPAILAIOT KaK0€ €€ YPAaBHEHUE B TOXKIECTBO.
JIs1 3TOM CUCTEMBI JINHEWHBIX YPAaBHEHHUM BUAA MATPULIA

(!
I

AR

|

all alz oo al n
Ay, Gy .. 0
a. a . a

A=\ mb “m2 "] HasBIBACTCSA Mampuyell cucmemvl, a MaTpuLa
ay  dp ay, by
ay, ay 4, b,

A a, d,, .. a,. b, 5 5

= HAa3bIBACTCS PACUUUPEHHOU MAMPUYEll CUCIEMbl

CyTp MeTOna 3aKIHYaeTcss B TOM, YTO CHUCTEMY YPAaBHEHHUU C MOMOIIBIO 3JIEMEHTAPHBIX
npeoOpa3oBaHUil MPUBOAIT K DKBUBAJICHTHOW €W CHCTEME C TPEYroJdbHOW MaTpuieil (CHCTeMbI
HA3bIBAIOTCS HKBUBAJICHTHBIMU, €CJIIM MHOXECTBAa MX pEIICHUN COBMANalT). OTH AeHCTBUS
Ha3bIBAIOTCS MPSMBIM XOJOM. 3aTEM U3 MOJIyYEHHON TPEyroJIbHONH CUCTEMbI IEPEMEHHBIE HAXOISAT
C TIOMOIIIBIO MOCJIEIOBATENbHBIX OJICTAHOBOK (0OpaTHBI X01).

dnemenmapuvimu npeodPa308aAHUAMU CUCHEM SBISIOTCS:

1) YMmHOxeHue uin eiaeHne KodhGUuueHToB U CBOOOAHBIX YICHOB Ha OJTHO U TO e YUCIIO

2) CnoxeHue U BBIYMTAHUE YpaBHEHUI

3) IlepecTaHoBKa ypaBHEHHUI CHCTEMBI MECTaMHU.

4) WckimrodeHHe W3 CHCTEMBbI yYpaBHEHUH, B KOTOPBIX BCE KOA((UIMEHTHI MPU HEHU3BECTHBIX U
CBOOOHbBIE YJICHBI PABHBI HYJIIO

IIpumep. Pemmts cucremMy JTMHENHBIX ypaBHEHUN MeTo10M ["aycca ‘ \
CocTaBuM pacHIMPEHHYI0 MaTPUILy CUCTEMBI.
I." b ] _ ] _—‘ %

._.
|
3
L
|
o

17 1 -1 10

BrimoHuM Hax 9TOM MaTpUIIeH clieayrolre mpeoopa3oBaHus:
1) momensieM mectamu 1 u 2 CTPOKH;
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2) npubaBUM K 3J€MEHTaM 2 CTPOKHU 1-10 CTPOKY, YMHOXKEHHYIO Ha -2;
3) npubaBuM K 3jeMeHTaM 3 CTPOKH 1-F0 CTPOKY, YMHOXKEHHYIO Ha -7,
4) mpubaBUM K dJIEMEHTaM 3 CTPOKHU 2-F0 CTPOKY, YMHOKCHHYIO Ha -3;

21 -1 51 -2 3 -3,/1 -2 3 -3|(1 -2 3 -3
1 -2 3 -3~2 1 -1 5|~0 5 =7 1|~0 5 -7 11
ax—17 1 -110)17 1 -1 10/10 15 -2 31) {0 0 -1 -2

[Tomyuunu cucteMy ¢ TpeyrojapbHOW MaTpuiiei. Takum 00pa3oM, UCXOJHAST CHCTEMa MOXKET OBITh
MPE/ICTABJICHA B BUJE:

\ | , OTKyJa TIoJlydaeMm: x3 =2;x, =5;x; = l.

IIpakTHyeckoe 3ansaTue Ne 4
Heiicmeus c éexkmopamu
Hean padorei: HayunThCs BBINOIHATH NEMCTBUS C BEKTOPAMU
IMoaroroBka k padore: IloBTOopuTh TEOpETUUECKUI MaTepual 1o Teme «Bekropbl. Onepanuu Haj
BEKTOPAMM»
3ananue Ha 3aHATHE:

— f.-' - 3
1. Jlansl BekTopbl 9 u b HOCTpOI/ITB BEKTOPBL N

Haiitn koopiuHATHI BeKTopOB AB CB CA , ecmu A(2; 3), B(-1; -3), C(-7; 5).
Tlams: sextopsr 4 = (-2; ) u b = (3; 1). Haiiu: ¢=a+b d=d—b é=3a f=5b,

Haiitu iy BekTopa AB , eca A(5; 2), B(8; -2).
Han tpeyronsuuk ¢ BepmuHamu A(7; 7), B(4; 3), C(3; 4). Haiitu ero nepumerp.
Otpe3ok AB 3aman toukamu A(2; 3), B(10; 11). Haiitu koopaunatsl Touku C, eciau

WU3BECTHO, YTO |ACHCB|:3 : 5.
7. Haiitu qyiuny meauansl AM TpeyronbHuka ¢ BepmmHamu A(7; -4), B(-1; 8), C(-12; -1).

A

8. HaiiTu ckansipHOe MPOU3BEACHUE BEKTOPOB 5 =57 m b - (4; 3).

9. HaiiTu yromn Mexay BEeKTOpamMu a-= (4;0) ub = =(2;-2).
10. Haiitu yrael TpeyronbpHuKa ¢ BepiuHamu A(6; 7), B(3; 3), C(1; -5).

Iopsinok npoBeneHus 3aHATHSA:
1. Tlomyuuts nomyck kK pabote
2. BrmmonHuTs 3amanus
3. OTBeTUTh Ha KOHTPOJIbHBIE BOIIPOCHI.

Conep:xanue oryera:
1. HammMmeHOBaHMe, IIeIb 3aHATHSA, 3aJJaHHC;
2. BrImonHeHHOE 3a1aHUC;
3. OtBeThI Ha KOHTPOJIHHBIE BOIIPOCHI.

KoHTpoJibHbIe BONIPOCHI 115 3a4eTa:
1. Yo HazbpiBaeTcs BekTopoM? [[nnHoi BekTopa?
2. Kak cnoxuts aBa BekTopa?
3. Kaxk HaiiTu pa3HOCTb JBYX BEKTOPOB?
4. Kak yMHOXUTb BEKTOp Ha 4nciIo?

13



5. Kak HaiiTu KOOpAMHATBI BEKTOPA, 3aJaHHOI'O JIBYMsI TOUKaMH?
6. Kak HaiiTu JyiMHy BEKTOpa, 3aJJaHHOTO JIByMSI TOUKaMH ?
7. Kak HailiTu 1yiMHy BEKTOpa, 3aJJaHHOTO CBOMMU KOOpIMHATAMU?
8. Kak BpIUnCHs€TCS CKAIIPHOE NPOU3BEACHUE BEKTOPOB, 33JaHHBIX CBOMMHU KOOPIUHATAMU?
9. Kax HaiiTu yron Mexay BeKTopamu?
HPUJIIOKEHHUE

Bexmopom Ha3bpIBaeTCsl HalpaBJIEHHBIN OTpe30K (yrnopsigoueHHas napa touek). K Bekropam
OTHOCUTCSI TAK)KE U HY/1€801l 66KMOP — 3TO BEKTOP, HAYAJIO ¥ KOHEIl KOTOPOTO COBIMAIAIOT.
Jnunoit (modynem) BEKTOpPA HA3BIBACTCS PACCTOSIHUE MEKY Ha4ajlOM U KOHIIOM BEKTOPA.

.)
AB=/d
JlelicTBHMS HA/I BEKTOpPaMH
1. Cymmoil IByX BEKTOPOB Ha3bIBA€TCS BEKTOP C:a"'b, YAOBJIETBOPSIOIIUI YCIOBHIO:

CCJIM Ha4aJIO BEKTOpa b MNEPCHCCTHU B TOYKY, ABJIIIOIIYIOCA KOHIIOM BCKTOpaA a , HA4YaJI0 BCKTOpa c
—

COBIAJIET ¢ HavyaoM Bekropa 9, a KOHEIl — C KOHIIOM BEKTOpa b (mpaBUIIO TPEYTOJIBHUKA).

o
2. Ipowssenmenumem BekTopa @ Ha 4YHMCIO O HAa3bIBACTCS  BEKTOP b
YAOBJIETBOPSIOIIUN CIEAYIOIIUM YCIOBUSAM:

1y b=a &»;

2) BEeKTOp b KOJUTMHEapeH BekTopy 9 ;

ad

2

3) BekTop 9 COHONpABICH C BEKTOPOM b ( attb ), ecimi o > 0 ¥ MPOTHUBOITOJIOKHO

HampasieH (4 ™Nb ), ecm o, < 0.
Koopaunartbl BekTOpa
ITycts TOoukum A(xi, y1) U B(x2, )»2), 3amaHbl B IPSIMOYTOJIBHOM JEKapTOBOM cHUCTEME

KOOpJAHWHAT. YUToOBl HAWTH KOOpAUHATBI BCKTOpPA AB HY>XHO M3 KOOpAWHAT €r0o KOHIId BBIYCCTH

KOOpJMHATHI Hayania T.e. AB- (2= X1, Y2 — ).

JelicTBUS HA/I BEKTOPaMH, 32JJAHHBIMH CBOMMH KOOPAUHATAMM
Ecnu BekTOpbl 3agaHbl B MPSMOYIOJIBHOM JEKapTOBOM CHCTEME KOOpPJAMHAT CBOUMH
KOOpPJIMHATaMHU, TO
1) mpu clOXKEeHWH ABYX M OOJBINErO YWCIa BEKTOPOB HMX OJHOMMEHHBIE KOOPIHHATHI
5 > > o
CKJIaJBIBAIOTCS, T.€. €CIU a(x; ), b(xz;y2), TO a+b:(x1+x2;yl+y2)
2) mpu BBIYMTAHUM BEKTOPOB HX OJHOMMEHHBIC KOOPIMHATHI BBIYUTAIOTCS, T.€. €CIU

N > 5> >
a(; ), b(%i9y), o a=b=(x,=%,;y,=y,),
3) npu YMHOKEHUHU BEKTOpa Ha YMCIIO KaX/Jas KOOPAMHATa BEKTOPA YMHO>KAaeTCs Ha 3TO
_)

_)
quciio, T.C. €CIN G(X;y), TO ka(kx’k-y)

/Jlnuna éekmopa é Koopounamax OnpesiesieTcs: Kak pacCTOSHUE MEXAy TOUKaMH Hadana U
KOHIIa BekTopa. Eciu 3a1anbl 1Be TOUKM Ha TWIOCKOCTH A(X1; )1), B(x2; 12), TO

‘A-}B‘:\/(Xz_x1)2+(}/2_yl)2'

9
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Ecmu Touka M(x; y) denum ompesok AB 6 coomnowenuu A/, TO KOOPAMHATHI TON TOYKH

_HX FAX, e py,+Ay,
= 2. y="t1 <
ONPENENAIOTCS KaK: p+A p+A
_XptXx,  y+y,
Xy YT
B 4acTHOM Clly4ae KOOPIUHATHI Cepeounbl Ompe3Ka HaxoIATCs KaK:

—

Ckanapuvim npouseedeHuem IByX HEHYICBBIX BeKTOpoB 9 u b nasusaercs qHCIIO,
PaBHOE TIPOM3BE/ICHUIO JUTHH STHX BEKTOPOB HA KOCHHYC YTITa MEXJLy HAMH, T.€.

a. b = |al. |b |-cosp, Tme @ - yrom Mexay BEKTOpaMu O<¢<180 VYriom Mexmy
BEKTOPAMHM HA3bIBAETCS YIOJl MEXK/Y UX HAMPABICHUSIMH.

ITpumep. Haiitu ckansipHoe npou3BeacHHUE (35 2b )-(Sa-6b ), eciu |a| =4, |b‘ =6, ab=n/3.

[ |a[*—28]d||b|cos —+12|b[*’=15-16 —28-4-6- =+
15a.a.1g8a.b_q1p9a.b+12b.b =15 3 2 1236=
=240-336 +432 =672 —336 = 336.

Clca.]mpnoe MMpou3BE€ACHUEC BEKTOPOB B KOOpHHHﬂTHOﬁ (l)opMe

alx;;yy); blx,.y,) " i
Ecnu paccmarpuBaTh BEKTOPBI 1 B IPSIMOYIOJIBHOM JI€KapTOBOMU

Ve +
CHUCTEME KOOpAUHAT, TO ab = X %7V),, Hcnons3yss nosly4eHHBIE PaBEHCTBA, IIOJY4YaeM
-
ab
COS P=—
jdl-{bl

(dbopMyITy 17151 BBIYHUCIICHUS YIJIa MEXKAY BEKTOPAMHU:
X, X2+ Y. Y

Ccos =
WM B KOOPIMHATHOI (opme: \/X +¥7 \/X +¥;

[Ipumep. Haittu yron mexay BeKTopaMu ayb , €CIIn a- (5;-3), b- 3;95)

e+ — .
>3 ( 3)5 =£=O;¢>=arcc050=E
cosp= V25+94/9+25 34 , T.€. 3aJJaHHbIE BEKTOPBI IEPIEHIUKYIISIPHBL.

IIpakTHyeckoe 3ansaTHe Ne S
3aoauu na cocmaenenue ypasnenuii u nOCMpoenue NPAMbIX U NA0CKOCmell

Heapb padoTel : HayunThest COCTaBISTh YpaBHEHUS MPSIMBIX.
IoaroroBka k padore: [loBTOpUTH TEOpEeTHUECKUI MaTepua 1o Teme «lIpsimast Ha TIOCKOCTH»
3agaHue HA 3aHATHE:

1. CocraBuTh ypaBHEHHE MpsIMOM, mpoxoxasmend uepe3 Touky B(5; 3) u umeromei
HOpPMAJIbHBIN BEKTOP i (5;0).

2. CocraBUTh YypaBHEHHE MpsAMOM, mpoxonsdmeil uvepe3 Touky A(3; -2) u umeromei
HaIPaBJISIOUIUNA BEKTOP a (-5; 3).

3. Tpeyronphuk 3aman Toukamu A(S; 2), B(-1; -4), C(-5; -3). CocTaBuTh ypaBHCHHE MPSIMOU,
npoxojsuien yepes Touky B napannensno AC.

4. CocTtaBUTh YpaBHEHHE NMPSMOU, Tpoxoasimen yepe3 Touku A(1; 3), B(4; 1).
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5. CocraBuTh ypaBHEHHUs MeJIMaH TpeyroyibHuka ¢ BepmmHamu A(7; 0), B(3; 6), C(-1; 1).
6. CocTaBUTHb ypaBHEHHE MPSMOMW, MPOXOJAlIeH uepe3 TOouky (2; 3) W MepneHIUKYJIIPHON
npsimoit 4x + 3y - 12 =0.
7. 3anucaTh ypaBHEHHsI IPSMBIX B OTPE3KaX U MOCTPOUTH HX:
a)2x + 5y +20=0;
6)x—8y+4=0.

Ilopsinok npoBeeHUs 3aHATHS:
1. TMomy4yuts nomyck K paborte
2. BrpimonHuTs 3amanus
3. OTBETUTH HA KOHTPOJIbHBIE BOIIPOCHI.

Conep:xanue oTyera:
1. HaumeHoBaHue, 11€7b 3aHATHS, 33/1aHUE;
2. BrInonHeHHoe 3a1aHue;
3. OTBeThI HA KOHTPOJILHBIE BOIPOCHI.

KoHTpo/ibHBIE BONPOCHI /11 3a4eTa:
1. KakuMm ypaBHEHHEM ONHUCHIBAETCS MpsiMas Ha MJIOCKOCTU?
2. 3amnmcaTh ypaBHEHHUE PSMOM, IPOXOAIICH Yepe3 TOUKY M UMEIOIIEH HOpMaIbHbBIA BEKTOP.
3. 3anucaTb ypaBHEHHE IIPSIMON, IPOXOIAIIEH Yepe3 TOUKY U UMEIOIIEH HAIIPaBIIAIOLIUN BEKTOP.
4. 3anucaTh ypaBHEHHUE NPSMOM, MPOXOIAIICH Yepe3 ABE TOUKH.

IMPHJIOKEHUE

JIro6ast mpsiMast Ha TIOCKOCTH MOJKET OBITh 33laHa yPaBHEHUEM IIEPBOTO TOPsIKa
Ax+ By +C=0,
2 2
IpHYeM MOCTOSIHHBIE 4, B He paBHBI HYJIO OZHOBPEMEHHO, T.e. 4> + B® # 0. DTo ypaBHeHue
IIEPBOTO MOPAAKA Ha3bIBAIOT OOIMM YPaBHEHHEM MPSIMOii.
VYpaBHEHHE TPSAMOH MOXET OBITh NPEICTaBICHO B PAa3IMYHOM BHJIE B 3aBHCHMOCTH OT
KaKUX — JTM00 3aJaHHBIX HAYaJIbHbIX YCIOBHH.

YpaBHeHHe NIPAMOH 110 TOYKEe H HOPMATLHOMY BEKTOpY
-
Hopmanbvnoim éexmopom npamoiui | Ha3bBaeTcsl 000N HEHYJIEBOM BEKTOP n _( A;B ),
NEePNEHANKYISIPHBINA ATOU MPSMOM.

[Ipumep. Haiitu ypaBHEHHE TIpsMOii, mpoxo et yepe3 Touky A(l, 2) meprneHauKyIsipHO
Bekropy (3, -1).
CoctaBum npu A = 3 u B = -1 ypaBuenue npsmoit: 3x — y + C = 0. Ing HaxXxoXIeHHS
kodpdurmenTa C MOJACTaBUM B TOITYYCHHOE BBIPAKCHHE KOOPAMHATHI 3aJlaHHOW TOUYKH A.

[Tonyugaem: 3 — 2 + C =0, cnenpoBatenbHo C = -1. Torna uckoMoe ypaBHEHUE MPUMET BUJT: 3X — ) —
1=0.

YpaBHeHune NpsiMOii 10 TOYKe U HANPABJISIIOIIEMY BEKTOPY

Hanpaenatowum eexmopom npsamou | HazpiBacTcsi BCsKH HeHyneBoi Bektop 9 (m, n),
MapaJuIeIbHbIN 3TON IPSIMOM.

[Tycte 3amanel Touka Mi(x;, yi1) ¥ HampaBistomuii Bekrop 9(m, n), Torga ypaBHEHUE
X=X, Y=Y,

HPSIMOIA, MPOXO/Isiiieit yepe3 TouKy M, B HanpaBneHun Bektopa ¢ umeer Bua: M n . 3ro
YpaBHEHHE HA3bIBACTCSI KAHOHUYECKUM YPaBHEHUEM IPSAMOIL.
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[pumep. Haiiti ypaBHeHHe mpsmMoii ¢ Hanpasisironmm Bektopom 4 (1, -1) u npoxopsiueit
yepes Touky A(l, 2).
YpaBHeHue HUCKOMOU mpsMoil Oynem uckath B Buue: Ax + By + C = (. 3anuiieM KaHOHHMYECKOE
x—1_y-—2

YpaBHEHHE MPSIMO 1 -1, npeoOpasyem ero. [loayunm x +y -3 =0

YpaBHeHMe NPSIMOM, NPOXOASALIel Yepe3 ABe TOYKHU
[TycTh Ha TIJIOCKOCTH 3aJaHbl ABE TOUKH Mi(X1, Y1) U Ma(x2, y2), TOTIa ypaBHEHUE TPSMOH,

X=X, Y=Yy,

o X~-—X — o o
MPOXOJIAIIECH Yyepe3 3TH TOUYKU UMEET BUA: 2 1 Y27 Y1 Bcau kakoii- 160 u3 3HaMeHateei
PaBEH HYJIIO, CJIETyET MPUPABHSITH HYJIO COOTBETCTBYIOLIUN YUCIUTEb.

[Tpumep. Haiitu ypaBHeHue npsamoi, npoxoadiiei uepe3 Touku A(1, 2) u B(3, 4).

x—1 v=2 x-1 v=-2

1 4_" 3 7
TIpuMeHss 3aIHCaHAYIO BhIIIe (GOpMyTy, modydaem: - —1  4-2 2 -

YpaBHeHMe PSIMOM MO0 TOYKE M YIJI0BOMY KO3pPUUMeHTy

A C
Yy=—7Z X7
Ecnmu obmiee ypaBHenune npsimon Ax + By + C = 0 mpuBecTH K BUIY: B B y
~Aok; —Cob; me. y=ktb
0003HAYHTh B B , TO TIOJIyYeHHOE YypaBHEHUE HA3BIBAETCS

ypaBHEHHEM TPSMOI € YTIIOBBIM KO3 durienTom k.

YpaBHeHue NPSIMOM B 0Tpe3Kax

Ecnu B o6miem ypaBHeHnuu npsimort Ax + By + C = 0 koaddunuent C # 0, To, pa3aenuB Ha

C, momy4um: C C nm 4 , TIe A B
['eomerpuyeckuii cMbICT KO3(PHHUIIMEHTOB B TOM, YTO KOI(PGUIMEHT a SBISAETCS KOOPAUMHATOU
TOYKHU TepeceyeHus npsaMoil ¢ ocbio Ox, a b — KOOPAMHATONW TOUYKHU MEPECeUeHUs] PSIMOM C OCBIO

Oy.

[Ipumep. 3agaHo ob1iee ypaBHeHue mpsiMoit x — y + 1 = 0. Haiftu ypaBHeHHEe 3TO# mpsMoii B
orpeskax. A =-1,B=1,C =1, torna a = -1, b = 1. YpaBHeHHUe NpsMOii B OTpe3Kax MPUMET BUJ

_£+X:1
1 1

[pumep. Jansl Bepmuubl Tpeyroabuuka A(0; 1), B(6; 5), C(12; -1). Haiitu ypaBHeHUE
BBICOTBI, IPOBEICHHOM 13 BepinHbI C.

x—0_y—-1 x_y—1

Haxoaum ypaBHeHue cTropoHsl AB: 6-0 5-1" 6 4 ;

_2
y=—x+1.
4x=6y—6; 2x -3y +3=0; 3
Hckomoe ypaBHEHHUE BBICOTHI UMeeT BUI: Ax + By + C=0wm y = kx + b.



3 3 x+b
k= 2. Torma y = 2 . T.x. BeicoTa mpoxoaut uepe3 Touky C, TO ee KOOpIWHATHI
—1:—§12+b, y:—§x+17
YIOBJIETBOPSIOT JAHHOMY YPAaBHEHHIO: otkyaa b = 17. Uroro: 2 .

OtBer: 3x + 2y —34=0.
IIpakTnueckoe 3ansitue Ne 6
Haxoorcoenue napamempog Kpugvlx émopozo nopaoka. Ilocmpoenue Kpugvlx 6mopozo nopsaoka

Hean pa6orbi: HayuuThcst cOCTaBIATh ypaBHEHUS! KPUBBIX 2-TO MOPSIKA, CTPOUTH UX.
IoaroroBka k padore: [loBTopuTh TEOpeTHUECKHIT MaTepural 1o TeMe «KpuBbie 2-ro nmopsiakar»
3amanue HA 3aHATHE:

1. CocraButh ypaBHEHHE OKPYKHOCTH ¢ TIeHTpoM O(3; -2) u paguycom r = 5. [TocTpouTs ee.

2. TlocTpouTh OKPYX)HOCTh X° + 37 + 6x —4y — 3 = 0.

3. CocTaBUTh KAHOHMYECKOE YPAaBHEHHE SJUIUIICA, Y KOTOPOTO Mayiast ocb 2b = 6, a paccTosiHAe

MeXTy OoKycaMu ‘FlFZ‘ = 8.

4. Haiitn xoopauHaThl (POKYCOB, IJIMHBI OCEHl M HKCLHEHTPUCUTET 3JUIUICA, 3aJaHHOTO
ypaBHenueM 16x* + 25y* = 400.

5. Hailitu koopauHaTbl (OKYCOB, UIMHBI OCEH, 3KCLEHTPUCUTET U YPABHEHUS aCHMIITOT
runepOoIIbl, 3a1aHHOM ypaBHEHHEM 16X — 25y* = 400.

6. CocTaBUTh KAHOHMYECKOE ypaBHEHHE TUIepOoIbl, IeficTBUTENbHAs OCh KoTopoi 2b = 10, a

5)
y=*f-x
YpaBHCHUA aCUMIITOT UMCIOT BU: 3 .
7. Haiitu koopauHaThl QoKyca U ypaBHEHHE TUPEKTPUCHI Mapaloiibl, 3aaHHON ypaBHEHHUEM

> = 8x.
8. CocTaBuTh ypaBHeHHE NapaloJbl ¢ BEpIIMHON B Hayajge KOOPIMHAT, €CIM ypaBHEHHE €e
JUpEKTpuUckl x + 3 = 0.

Iopsiiok npoBeneHNs 3aHATHS:
1. Tlomyuuts momyck kK pabote
2. BrImonHuTs 3aMaHusA
3. OTBeTUTh Ha KOHTPOJIbHBIE BOIIPOCHI.

Coaep:xanue oTyera:
1. HammMmeHoOBaHMe, 1Ieb 3aHATHSA, 3aJJaHNE;
2. BrImonHeHHOE 3a1aHKE;
3. OTBeTbl Ha KOHTPOJIbHBIE BOMPOCHI.

KoHTpoJibHBIE BOMPOCHI IS 3a4eTa:
1. [atp ompeneneHue KpUBbIX BTOPOTO MOPSIKa (OKPYKHOCTH, DIUTHIICA, THIIEPOOIIBI, TapaOoIIbl),
3almucaTh X KAHOHNYCCKUC YPABHCHUS.
2. UYro Ha3bIBaeTCS IKCIICHTPUCUTETOM JLIHIICA, TuiepOosbl? Kak ero HaiiTn?
3. 3ammcaTh ypaBHEHHE PAaBHOCTOPOHHEH TUNIEPOOITHI

HPUJIOKEHHUE

OprJICHOCIMbIO Ha3bIBACTCA MHOKCCTBO BCEX TOYCK IUIOCKOCTHU, PABHOYIAJICHHBIX OT
OJIHOM TOYKH, Ha3bIBacMO LHECHTPOM.
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[IycTh 1eHTpOM OKpYXHOCTH siBiisieTcsa Touka O(a, b), a paccTosHHe A0 000N TOUKH
M(x;y) oxpyxnoctu pasHo R. Torma (x — a)* + (y — b)> = R* — KaHOHMYECKOE ypaBHEHHE
OKpY>KHOCTH ¢ 1IleHTpoM O(a,; b) u paguycom R.

IIpumep. Hailitu KOOpAMHATHI LIEHTPA U PaJuyC OKPYKHOCTH, €CIIM €€ YPaBHEHHUE 3aJaHO B
Buje: 2x* + 217 — 8x + 5y —4 = 0.
JUiss HaxOoXKIeHUsI KOOpIMHAT IIEHTpa M pajuyca OKPY)KHOCTH JaHHOE ypaBHEHHE HEOOXOIMMO
IPUBECTH K KAHOHUYECKOMY BUTY. J[JIs1 3TOrO BBIJICJIUM MOJIHbIE KBAIPATHI:

X+ —4x+25-2=0
X' —4x+4-4+y"+2,50+25/16-25/16-2=0
(x—2)+(y+5/4)Y-25/16-6=0
(x—2)+(y+5/4)y=121/16

Ortcrona HaxoauM KoopauHATh ieHTpa O(2; -5/4); paanyc R = 11/4.

Dnanuncom HA3BIBACTCS MHOXKECTBO TOYEK IJIOCKOCTH, CyMMa PAaCCTOSHUN OT KaXIOH W3
KOTOPBIX JI0 JIByX 3aJlaHHBIX TOYeK (Ha3biBaeMbIX (OKycaMH) €cThb BEJIMYMHA IOCTOSTHHAs,
OouibIIast, 4eM paccTosHIE MEX Iy (hoKycamu.

®dokycel 0003HauarOTCs OykBamu Fi, F>, paccrosHue Mmexay ¢dokycaMu — 2¢, cymma
paccTosiHui OT 000U TOYKHM 3yumurica 10 GokycoB — 2a (2a > 2c¢), a — Gonbinas Moayoch; b —

Majasi oJIyoCh.
2y
—2+ G} =1
KaHoHHUecKoe ypaBHeHHe sumrca nveer suy; @ D , TIE a, b ¥ ¢ CBA3aHBI MEXIY
coboit paBeHcTBaMu: a’ — b’ = & (uwm b’ —a’ = ).
dopMa >IMICAa ONpENENsSeTcs XapaKTEPUCTHKOM, KOTOpas SBISETCS OTHOLIEHHEM

C
E=—
(OKYCHOTO pPAcCTOSIHUSI K JJIMHE OOJNbIIeH OCH U HA3bIBACTCS SKCIEHTPHCUTETOM. a
e= c
b .

T.x. mo ompejeneHuto 2a > 2¢, TO SKCIEHTPHCUTET BCErJa BHIPAKACTCSA IPABHMIBLHOM
1pobbio, T.e. 0=€<1,

[Ipumep. CoctaBuTh ypaBHeHHUe dyumrnca, eciu ero ¢pokycel Fi(0; 0), Fx(1; 1), 6ompimas och
paBHa 2.

X2 y2
_+_2:1

2
VYpaBHenue sunca umeer Bua: 9 b

1
2 2__ [~ -
Paccrosiaue mexnay (okycamu: 2¢ = \/( 1_0) +< 1_0) _\/2, TakuM obpasoM, @> — > =2 = 2.

2 2 A1 —
ITo ycmoButo 2a = 2, cnenoBarensHo, a = 1, b = \/a —C —\/1_ 1/2= \/E/ 2. Yckomoe ypaBHEHUE

X2 2
1/2

2
SJUIAIICA ITPUMCT BU: 1

T'unep60o.10ii Ha3bIBAETCS MHOKECTBO TOUEK IJIOCKOCTH, Pa3HOCTh PACCTOSIHUM OT KaXK10M
U3 KOTOPBIX /10 JIBYX 33JaHHBIX TOUEK, Ha3bIBa€MbIX (DOKyCaMu, €CTh BEIMUHMHA IOCTOSHHAS,
MEHBIIIasi PACCTOSHUS MEXY (POKYyCaMHu.

2 2 2 2
X _ Y 4 Yy X _
2 b2 b2 2
Kanonuueckoe ypaBHEHHE runepOosbl umeet Bu: d W a ,Tne a,bu
¢ CBA3aHBI MEXIy co00il paBeHcTBOM a° + b’ = (. unepbona CHMMETPUYHA OTHOCHTENLHO

CEpCANHBbI OTPEC3Ka, COCAUHAIOMICTO Q)OKYCBI M OTHOCHTEIILHO OCeH KOOpJAUuHAT. CDOKYCBI
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obOo3HauaroTcst OykBamu Fy, F,, paccrossHue mexay (oxycamu — 2¢, pasHOCTb PAacCTOSHHUHA OT
0001 ToukH THNEpO0IIbl 10 GoKycoB — 2a (2a < 2¢). Ochb 2a Ha3bIBaeTCs ACHCTBUTEIBLHON OCBIO
runepOoIbl, OChb 2h — MHUMOM OChbIO TUIEepOOoIbl. ['MrepOosa MMeeT JBe aCUMIITOTHI, YPaBHEHHS

y= ié X.
KOTOPBIX a
DKCIEHTPUCUTETOM TUIEPOOIIBI Ha3bIBAETCS OTHOIICHHE PACCTOSHUS MEXTy (GoKycamu K
C C
E=— E=—
JUTHHE JICHCTBUTEIBHON OCH: a ymn b T.. no onpenencrmio 2a < 2¢, T0 HKCUCHTPHCHTET

THITepGOIIBI BCET/Ia BHIPAXKACTCS HEMPABHIIBHOM ApoGbio, T.e. € 1

Ecnu nnunHa nedCTBUTENBbHON OCHM paBHA AJIWHE MHUMOW OCH, T.e. a = b, ¢ = \/2, TO
runep06os1a Ha3bIBACTCS PABHOCMOPOHHEL.

H[ZI/IMG[Q. CocTaBUTh KAHOHHMYECKOC YpaBHCHHUC FI/IHep6OJ'H:>I, €CJIN €€ SKCUCHTPUCUTCT PaBCH
2 2

XL,y
2, a GOKYCHI COBIMATAIOT C POKYyCaMU JUIHIICA C YPaBHEHUEM 25 9
Haxoaum okycHoe paccrogaue ¢ =25 — 9 = 16.

Jlns tunep6onel: ¢ =a* +b* =16, e =c/a=2; c=2a; *=4a*;, a*=4; b*=16-4=12.
£y,

Torma 4 12 - ICKOMO€ YpaBHEHHME rUIEPOOJIBL.

Ilapabonoit Ha3pIBa€TCSI MHOMKECTBO TOYEK IUIOCKOCTH, PABHOYJAJIECHHBIX OT 3a/JaHHOM
TOYKH, Ha3bIBaeMO (DOKYCOM, M JTaHHOH IPSIMOM, Ha3bIBAEMOU TUPEKTPUCOM.
dokyc napaboisl 0003HauaeTcst OyKBO# F, qupeKTpuca — d, paccTosHUE OT GoKyca 10
TUPEKTPUCHL — p.
Kanonnyeckoe ypaBHeHHe 1apadoJibl, POKYC KOTOPOH pacHoI0kKEeH Ha OCH a0CIUCC, UMEET BUJI:
V* =2px nmm y* = -2px
YpaBHEHHS TUPEKTPUC COOTBETCTBEHHO X = -p/2, x = p/2
Kanonunueckoe ypaBHeHue mapadosbsl, GoKyc KOTOPOM pacrloIokKeH Ha OCH OpJIMHAT, UMEET BUJ:
x* =2py unu x* = -2py
YpaBHEHUS TUPEKTPUC COOTBETCTBEHHO V = -p/2, y = p/2

[Ipumep. Ha napaGone y* = 8x HaliTU TOUKHU, PACCTOSHUE KOTOPOM OT AUPEKTPUCH PAaBHO 4.

13 ypaBHeHus apabouibl OJTyyaem, uto p =4. r = x + p/2 = 4; cneoBaTeibHO:
x=2; y*=16; y==+4. Uckomble Touku: M,(2; 4), M>(2; -4).

IIpakTHyeckoe 3ansitue Ne 7

Jeiicmeusn ¢ KOMRIEKCHLIMU YUCTAMU, 3ANUCAHHBIMU 6 Pa3nudHbIX(opmax. Peuwenue
YPAagHeHUll

Hean paborbl: HayuyuThest BHITIONHTH NEUCTBUS HAJl KOMIUIEKCHBIMH YHUCIIAMHU.
HoaroroBka k padore: [IoBTOpUTH TEOpETHUECKUI MaTepual 1o TeMe «KOMIIEeKCHbIE Yhciiay.
3aganue Ha 3aHATHE:
1. Bbruucnurs:
1) l-l45 + l-147 + l-264 + l-345 + l-117;
2) (1-64 + 74 B l-sz),(l-n _ i34);
3) "+ -0~ (1+10)
2. Haiitu 3Hauenune Maorowiena x> — 8x'* + 5x* —4x> —10 mpux =1
3. Haiitu cymMy u mpou3BeieHNE KOMIUIEKCHBIX YMCEeN Z1 U Z>, 3aJIaHHBIX B BUJE TP Z\(-
2; 1), Z, (3; -1). U300pa3uth UX reOMETPUIECKH.
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10.

11.

12.

13.

14.

[TocTpouTh CyMMy BEKTOPOB, H300paKaIOIIUX CICAYIOIINE KOMIUICKCHBIC Ynucna: Z; = 2 — i;
Z,=-3+2i.
CoxkpaTuthb qpoou:

9m” +4n

1) 3m—=2in .
x+1

2) Va+i,

Breraucinuts:

_ 2i 6+2i . 2+ 3i

1) oI, 4) 3=71 2+5I,
1+2l..(_1>+1 ‘/ 4 ‘_

2) _2+l 5 5) -\.\/g FiJ
(2+43i)—(5+71i) ’

. | —_ ;|Ir'
2431 : ”ﬁ Hafm

3) —_—
6) s m +mﬁ.f_

Haiitu Z', ecnm Z =7 — 12i.
Pemute ypaBHeHUS:
1) X**+2x+2=0;
2) 4x* —20x + 26 =0;
3) (2-5i)yz=2+5i;
4) 3-2i)z=3+i.
Z,=3(c0s330 +isin330")  Z,=2(cos60 +isin60")

JlaHbl KOMILJIEKCHBIE 4YHCJIa

Z,

Y
Haitr: 2020, 22, (2, V21,

3anucaTh KOMILIEKCHBIE YKCJIa B TPUTOHOMETPUYECKOM M MOKa3aTeabHOM hopmMax.

e s 360
’ 4) Z=-o6.
3ammcarh KOMIUICKCHBIC YHCTIa B aNTeOpandecKoi U mokasareabHol hopmax.
Z=3(cos >+isin ) Z:8(c0515n+isin15n)
1 44y 3) 4 4
Z=5(cos Hr .o 1m ) 4) Z=6,3(cos10m+isin107).
2) 6 6 .
3anucaTh KOMILUIEKCHBIE YHCJIa B allTeOpanyecKkor U TPUrOHOMETpUUIecKon popmax.
n 1nm .
L ——i
1) Z=4e 4 : 2) Z=18e 3

BreimoaHuTh HeflCTBHH, HCIIOJIBb3Ys IMOKa3aTCJIbHYIO (1)OpMy KOMIIJICKCHOI'O YHCJia:

{— [+ J'-Jr_?}:ﬁ

{ l _ |r' .};:I
Pemute ypaBHeHUS:
1) 2= i
2) Z'+Z2+1=0.

Iopsiniok npoBeneHNs 3aHATHS:

1.

[TomyuuTs gomyck k padote
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2. BroImonHuTh 3aMaHus
3. OTBeTUTh Ha KOHTPOJIbHBIE BOIIPOCHI.

Conep:kanue oTuyera:
1. HammeHoBaHwMe, 1ICTIb 3aHATHS, 3aJaHNC;
2. BrimonneHHoe 3amaHue;
3. OTBeTbI Ha KOHTPOJIbHBIE BOIPOCHI.

KonTpoJibHbIe BOPOCHI /1J1s1 3a4eTa:

Yto Ha3pIiBaeTCa MHUMOU equHuLier? Kak BEIYUCIAIOTCSA CTENEHU MHUMOU € IMHUIIEBI?

Kakoe unciio Ha3eIBaeTC KOMILICKCHEIM?

Kaxk reomerpuyecku n3o00paxaroTcss KOMILUICKCHBIC Yucia?

Kakue koMIIJIeKCHBIE YMCIIa Ha3bIBAIOTCS COMPSHKEHHBIMU?

Kax BBITIOJHAIOTCS CIIOYKEHWE, BEIYUTAHUE, YMHOKCHHUE U JICJICHHE KOMIIEKCHBIX YHCEIT B

anredbpandeckoit popme?

Kakue kopHU U CKOJIBKO KOPHEH MMEET KBaJIpaTHOE YPaBHEHHE C OTPULIATECILHBIM

JTUCKPUMHHAHTOM?

7. Uto Ha3bIBAETCS MOAYJIEM U apTyMEHTOM KOMIUIEKCHOTO yrcia? Kak OHU BEIYHCIIAIOTCS ?

Kak 3anmcpiBaeTcsi KOMIUIEKCHOE YHCIIO B TPUTOHOMETPHUYECKOH, MOKa3aTeabHou hopmax?

9. Kak HaiiTu npou3BeIcHUE M YaCTHOE KOMILJICKCHBIX YHCEJ, 3alUCaHHbBIX B
TPUTOHOMETPHUYECKOH, MOKazaTenbHOU hopMax?

10. Kak BO3BECTH B CTENIEHb YKCIIO, 3aMIMCAHHOE B TPUTOHOMETPUUYECKOM, MOKa3aTEIbHOM
dbopmax?

11. CkonapKo 3HaYCHHUI UMEET KOPEHb 1-i CTEMEeHH, 3alIUCAHHOE B TPUTOHOMETPUUYECKOM,
noKa3aTenbHON hopMax?

Nk v

S

I

IMPHJIOKEHUE

KOMIUIEKCHBIM YHCIIOM Zz Ha3bIBAaeTCs BbIpakeHue Buma Z=—d +ib e a u b -
JNEHCTBUTENIbHBIC 4YHCIIA, [ —MHHMAas CJWHHIA, KOTOpas OIMPEACIICTCS COOTHOIIICHHEM:
) N ey
i'=—1; i= V-1,

[Tpu 3TOM YKCIIO a HA3BIBACTCS OelicmeumeibHOU Yacmuio 9ucna z (a = Re z), a b- muumou wacmoio
(b = Im z). Takas hopma 3amucy Ha3bIBaeTCs anredpandeckoit GopmMoii KOMIUIEKCHOTO YHCIA.

Ypcno Z=A—1b yaspsaercs conpsicennvim yucry Z=ad+t ib

JeiicTBUS ¢ KOMIVIEKCHBIMHU YHCJIAMH B ajireopanyeckoii popme

R — z=z,+z,=(a,+ib,)*(a,+ib,)=(a,*+a,)+i(b,xb,)

_ _ . N . . 2
2) VaHosxenue: z=z,z,=(a,+ib,)(a,+ib,)=a, a,+ia,b,+ib,a,+i b, b, _

_ (alaZ_b1b2>+i(alb2+blaZ)
_al+ib1

Y
3) Henenue: 2 Gy*ib, . g Toro, 4To0BI pa3ieauTh OJHO KOMIUIEKCHOE YUCIIO Ha

Ipyroe, HYKHO YHCIHMTENh M 3HAMEHATENb JAPOOM JOMHOXHTH HA YHCIIO, CONPSIKEHHOE
_(al+lb1)(az—lb2)_(alc12+b1b2)+1(c12b1—a1b2) a,a,+b b, a,b,—ab,

Z= . . - 2. ,2 2,12 +i 2, 1.2
(a,+ib,)(a,—ib,) as+b; _  ay+b; ai+b’

3HaAMCHATCIIIO.
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IIpumep. Jlanbl gBa KOMIUIEKCHBIX 4YHCIIA
.\4
—7—=2I
BBIPAKCHUS 2=71 | 4 anredpanveckoit hopme.
[IpousBeneM neneHue AByX KOMILIEKCHBIX YHUCEI:

—7-2i _(=7-2i)(2+7i) _—14—49i-4i+14_ —53i_
2-7i  (2-7i)(2+71i) 4+49 53

[Tonyyaem 3HaYeHHE 3aaHHOTO BeIpaxkeHus: 16(-i)*= 16i* =16.

I'eomeTpuueckasi Gopma KOMIJIEKCHOTO YHCJIA

z,=—7-2i; z,=2-7i

Hatitn 3Hauenue

[loHsiTHE KOMILJIEKCHOIO 4YHCIa HMMEET TeOMEeTpUYecKkoe HCToJdKoBaHue. KommiekcHoe
YHUCIIO TMPEACTaBISETCS TOUYKOW Ha IJIOCKOCTH, KOOpAMHATAMU KOTOPOW OYyAYT COOTBETCTBEHHO
JNEHCTBUTENbHAS W MHUMAasi 9acTH KOMIUIEKCHOTO umcna. [Ipu satom ock OX OyneT SBISATHCS

JIEHCTBUTEIIFHOM YHCIIOBOM OChI0, a OY - MHUMOI OCBIO.

Y F,
N Zia bl
ye
. .
0 a “x

= =r(Cos g+ 50 @)
Tpuzonomempuueckas hopma KOMHIEKCHO20 HUCA : ‘

i
IHokazamenvnas gpopma komnaekcnozo yucaa 2=re

Benmmunnaa r HaswsIBaeTCs Modyﬂe/w KOMIIJICKCHOT'O 4YHCJIa, a YI'OJl HAaKJIOHa

KOMIIJIEKCHOT'O YHCJIA. r _‘Z | ’

@ - apeymenmom

VRPN v ey SO _ b,
¢:Argz.r—|a+1b|— a“+b"; ¢=Arg z-arctga,

JleHCTBHA ¢ KOMILIEKCHBIMHY YU CJIAMU B TPDUTOHOMETPHYECKOM M N0Ka3aTeJbHO# (popmax

z,=r,(cos¢,+ising,) =.=ricosp. +ising.)

HYCTL KOMIIJICKCHBIC 4YHCJIa .
¢,

r - B TIOKA3aTEJILHOI.

_ i}, _ i
TpUroHOMeTpuueckoi popme u 21— "€ | Z2=TH€

3aI11MCaHbl B

B Tpuronomerpuyeckoit u nokasareabHoOR popmax yaoOHO NPOU3BOAUTE CIEAYIOIINE ASHCTBUS:

_ . i(9,+4,)
1 Y MHOSKEHIC: zlzz—rlrz(cos(¢1+¢2)+1sm(¢1+¢2)); zlzzzrlrze'( 1102
z, T Z, T (e
1_"1 . 1_ "1 ile—¢,)
—:—(COS(¢1—¢2)+181D(¢1—¢2)> —=—e "
2. Jlenenne: %2 T2 24 N
n_.n . . i
3. Bossezenue B crenens:Z — (cosng+isinng) 2"=r"e" rnen- HATyPaIbHOC
YHCIIO.
4. N3Bneuenue KOPH: U3 KOMIIJICKCHOT'O YHCJIa:
- — +2nk . . ¢+2mk
Vz=Yr(cos p+ising)="r cos 927K i $H2T L AL
n n . Vz=Vre "
2

Kopensb n — 0lf cTeneHn u3 KOMIIEKCHOTO YMCIIa UMEET /1 Pa3IMYHbIX 3HAYEHHUMN.
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— . 3
[pumep. Yucmo 2=2—2 V3i 3amMcaTh B TPUTOHOMETPHYECKOI Gpopme, Halitn 27/, Vz

Yueno 2=2—2 V3i IPEICTABMM B TPHTOHOMETPUUECKOH (hopMe.

— SM . . D
r=|z|=v4+12=4; ¢:arctg§:arctg(—\/3)=—£:5—n z=4 COS?HHSIH?H

3 3. Torna

100 . . 1007

2202420(cos 3 Hisin= =47

cos4—n+isin4—7I
3 3

4—7T+27Tk 4?7T+2nk

=34 cos3T+isinT ; keZ.

?dz:?dr(cos ¢+§ T 4 isin ¢+§ mk

\3/22\3/1 cos4—n+isin4—n ; ke Z.
[Tpu k = 0 momyunm 9 9

%:% coslo—nﬂ'sinlo—n ; ke Z.
[Tpu k = 1 nomyuum 9

3/223/1 cosanﬂ’siann); keZz.

[Tpu k = 2 nomyuum

32:3/2 20m . 20m

cos—+is1nT ; keZ.

[Tpu k = 3 momyunm
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IIpakTHyeckoe 3ansaTue Ne 8
Packpvimue neonpedenennocmeii

Hesas padoThi: HayunThCs BBIYUCIATD TPEEIbl (OyHKITHA.
HoaroroBka k padore: [loBTOpUTH TeopeTHuecKUid maTepuan 1mo TeMe «Teopus mpenenos.
HenpepbiBHOCTB
3agaHue HA 3aHATHE:
BeraucnuTh npeaens caeayomux QyHKIun:

. X*43x—10 . V1+x—1
111'1‘127 hm—z
1.x»23X"—=5x—2; 9 x20 X :

lim :]_ . ; lim Jl+ v =1+ ¢

4 3
lim ———— lim —2%
3. x2-2 X+2 ; 11. x>0 5x°
2 .
. X —5x+10 Coarcsinia+ 2
lim . lim um-\n_.; Y
4. x>1 X +32x—1 : 2.7 x+2x
. 9—x . 2\
lim —=——— lim1+—
5. x23 3X—3; 13, x?x X/ .
. 2
2
I 5x°—3 sz3
m 2 3 lim 5*
6. x>0 X —X ; 14, x»» ;
3 2
. 7x"—=3x"+x—1 x—5|*
lim > lim | 2—2
7. x>0 X —2x+1 . 15. x> X .
- M b
. (x+1)"(x +1) .
lim — lim {2543
e (A 1o+ 5V (e =11 . el P |
8- 5 16 SRS e | A
IMopsiiok npoBeaeHNs 3AHATHS:
1. Tlomyuutsh momyck kK padbote
2. BrpimonHuTs 3amanus
3. OTBETUTH HA KOHTPOJIbHBIE BOIIPOCHI.
Conep:xanue oTyera:
1. HaumeHoBanme, 11eNh 3aHATHS, 3aJIaHUC,
2. BrInonHeHHoE 3a1aHKE;
3. OTBeThI HA KOHTPOJIbHBIE BOMPOCHI.
KoHTpoJibHbIE BOPOCHI /1JIs1 3a4eTa:
limf(x)=b
1. Kak mpouuTtarh 3anuch x-a ? JlaTh onpenesnenue npeaena QyHKIMHA B TOUKE.
0] [
2. Kak u30aBHUTHCS OT HEOMPEACICHHOCTEN BUIA 0 , o0 ?

3. CdopmynupyiiTe 3aMedaTenbHbIC IPEISbL.
MNPUJIO)KEHUE

[Tycte QyHKkuus f{x) onpenerneHa B HEKOTOPOH OKPECTHOCTH TOYKH X = a (T.e. B caMoOi
TOUYKE X = g QYHKIUS MOXET ObITh U HE OIpeieIieHa).
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UYucno b HazbIBaeTcs npedenom hyukyuu f(x) npu x—»a, eciu Ay aroooro £>0 cymecTByer
TaKoe gncio 8(£) >0, uTo WIS BCeX X, YAOBICTBOPSIOIIMX HEPABEHCTBAM | x - a| <8 U x # a BepHO
HepaBeHCTBO: | f{x) - bl < &.
OcHoBHbBIE TEOPEeMBI 0 Mpejeaax
limC=C
Teopema 1. xa , e C = const.
Crenyroniye TeopeMbl CIIPaBeJIUBBI IPH MPEANOI0KeHnH, yTo QyHKIuu f(X) n g(X) uMeroT
KOHEYHBIC MPECITBI IPH X—>a.
lim(f(x)xg(x))=limf(x)*xlimg(x)

TeopeMa 2. x>a x>a x>a
lim[f(x)-g(x)]=limf(x)-limg(x)
Teopema 3. x~a x> a Xsa
limC-f(x)=C-limf(x)
CaencrBue. x~a x=>a
limf(x
lim f(x) :X"“f( )
x»a g(x) limg(x) limg(x)#0
Teopema 4. x>a IpH x>a
. 7x*+9x
lim ———
Ipumep. Boraucauts npegen X1 6 x
lim 6 x*
Cuauana HaiiieM mpejen 3HaMeHaTens: x->1 = 6-1* = 6. [Ipenen 3HaMEHATENS OTIAMYEH OT HyJIS,

CJICAO0BATCIIbHO, MOJXHO BOCIIOJIb30BAThCS TECOPECMaMU 4, 1:

lim7 x*+9x  lim 7 x*+1im 9 x

i ZX X 2l 2l x21 7-1°+9-1 16 8

OyHKIUSA f(x) HA3BIBACTCS HECKOHEYHO MAN0i NPU X—>d, TAC d MOXKET ObITh YUCIOM WJIH
lim f(x)=0
OJTHOM M3 BEIMYMH 00, +00 HITH -00, €CIIH x>a .

Tunbl HeonpeaeJeHHOCTEH M METOABI HX PACKPBITHA
Yacto npu BBIYMCIEHUU NPEAETIOB KaKOH-Tn00 (YHKIMH, HENOCPEACTBEHHOE IPUMEHEHHE
TEOpEM O NpeAeIax He MPUBOIUT K KeJlaeMou 1enu. Tak, HapuMep, Hellb3sl IPUMEHATh TEOPEMY O
npejene Ipodu, eciu ee 3HaMeHaTeNb CTpeMHUTCS K Hyo. [loaTomy yacTo npexie, 4em NpuMeHsITh
3THU TEOPEMBbI, HEOOXOIUMO TOXIECTBEHHO MpeoOpa3oBaTh (YHKIHNIO, peaesa KOTOPOH Mbl MILEM.
PaccMOTpuM HEKOTOpBIE IPUEMBI PACKPBITUS HEONIPEIEIICHHOCTEM.

o|o

| Heonpeaesnennocts Buga v .

2
. 5x"+13x+6
lim ——————
52 3Xx°+2x—8
IIpumep. Beruncnuts npegen X2-
[Ipu mnojacraHoBKE BMECTO TMEPEMEHHOM X 4Yuciaa -2 BUAUM, 4YTO [OJy4YaeTcs

0

HEONPEIEIEHHOCTh BUAA 0. Jns ee packpbITHsl pas3jIoKUM YMCIWTEIb M 3HAMEHATelb Ha
MHOXHTEIH M COKpPaTUM Ha OOIMH MHOXuUTenb x+2. B pesynprare MOIy4YMM HOBBIM mperen,
3HAMEHATeNIb KOTOPOro MpPH MOJCTAHOBKE BMECTO MEPEMEHHOM X YUCla -2 HE PAaBEH HYJIIO. DTOT
Ipeziest JIETKO BBIYUCIsETCS Mo TeopeMaM. TakuM 00pa3om, HEONpe1eIeHHOCTh Oy IeT pacKphITa.
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. (x+2)(5x+3) . 5x+3 7
=lim =limz——=7-7=07

o (x+2)3x—4) 55 3x—4 10

(¢

Iim =

5x> +13x+6 [0]
x——2 3x2 +2x—8

lim \/1+x+x2—\/1—x+x2

>0 -
[Mpumep. Beraucauts npeaen X X —X

0

HpI/I IIOACTAaHOBKC X =0 MOJy4acTCsa HECOIPCACIICHHOCTL BU/1d 0 .
YMHOKHUM YHCIUTEIb U 3HAMCHATEIIb I[p061/1 Ha COIMPAKCHHOC YHUCIIUTCIIIO BBIPAKCHUC!

i T+x+x —1+x—x° T 2X )
im =lim s
X0 x(x—l)(\/1+x+x2+\/1—x+x2) x>0 x(x—l)(\/1+x+x2+\/1—x+x2) _ —1(1+1)

0

II. HeonpeaeinennocTs Buaa 00 .

JUist pacKpBITHS 3TOW HEONPEIACIEHHOCTH HY)KHO Ka)I0€ CIaraeMoe YUCIUTENS ’
3HAMEHAaTeNs pa3/ienTh Ha IePEeMEHHYIO B HauOOJIbIlel CTENeHH U YUUThIBAsl, YTO BETMUUHA
oOpaTHast 6eCKOHEUHO OO0JIBIION BETMYHUHE €CTh OECKOHEYHO MaJlasl BEJIMUKHA, PACKPOEM
HCXOJIHYIO HEOIPEIeI€HHOCTb.

4 2
. bx —3x+1
lim—
> 2x*+7
IIpumep. Beraucnuts nipemen x>«
31ech YUCIUTENb U 3HAMEHATEIh HE HMEIOT Mpejienia, T.K. 00a HEOTpaHUYCHHO BO3pacTaioT. B aTom

0

cilydae MMeeM HEONpeleIeHHOCTh BHJIA 0. Jus ee PAaCKpBITUS pa3elnM KaKJoe cjaraeMoe Ha
IIEpEMEHHYIO B HAMOOJIbIIEH CTeneHH, T.€. Ha x*. TTomydnm:

5x* 3x* 1
R R 1
SRR e
X X = X -2

3 17
27 47 4

Benmmuunuer X© X' X' gpusioTcs GECKOHEYHO MAJIBIMHU NPH X —> %Oy UX MpeeNbl PaBHbI HYJIIO.

5

CHGHOB&TGHBHO, HCKOMBIM peaciI paBCH 2 .

2
. X —x+3
lim ———
IIpumep. Beruncnure npegen x>« x+2
NmeeM HeonpeaeneHHOCTh BUa 0 Pasfennm 9uciauTeNb ¥ 3HaMeHateN b Ha x°. [Tonydum:
1 3
) 1=2+=
. X—x+3 o . X 1-0+0
lim —=——==[2[=lim = =00
X =00 X+ 2 X =00 l+ g 0 + 0
X XZ

3ameuaTesibHBIE NPe/eJibl

. sinx
lim =1
IepBblii 3aMeyaTebHbII npeges: x>0 X
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lim——=1  1m%=1 lim=>=1

Caencrust: 1) x»0SIMX - 2y x50 X 3) x0 [GX
X

1+—
X

lim
Bropoii 3ameuaTenbHbIi npegea: X2
1

=e

lim(1+x)*=e
CaencrBue: x>0
. In(1+x
lim 2L
Tpernii 3ameyaTebHBIN npegea: x>0 X
X

lim 2 -1 =Ina

YeTBepThlii 3aMedaTe/IbLHBIN npegen: x20 X npu 0<a<1 a>1,

YacTto eciu HEMOCPEACTBEHHOE HAXOXKIEHHE TNperena Kakod — Jnb0 (QYyHKIUU
NPEJCTABISCTCS CIIOKHBIM, TO MOXHO IIyTeM IpeoOpa3oBaHus (YHKIIMA CBECTH 3aJady K
HAXOKICHUIO 3aMEYaTENIbHBIX MPEIEIIOB.

IIpumep. Brruncauts npepen

X+3 _ X3 - ‘ y+4 y 4
im M| =t 2 ymie 10 vl o) =tim 2 =lim {144 im 12| =
X0 X_l X0 X_l \ - ‘ yHn y Yoo y Y0 y
4z |4
)l 2=L =lim 1+1— =(lim 1+1— =¢'
90 /A 120 Z

CpaBHeHue 0€CKOHEYHO MAJIBIX (PYHKIIUI
ITycts a(x) n P(x) O6eckoHeyHO Maible QYHKIMU MpU X — A. OTH OECKOHEYHO Malble
(YHKIMH MOXHO CPaBHHBATh MO OBICTPOTE WX YOBIBaHHA, T.€. MO OBICTPOTE MX CTPEMIICHHS K
HYJTIO.
Hanpumep, Gpyrkuus f{x) = x'° ctpemMutcs x Hyio ObicTpee, 4eM GyHKuus f{x) = X.

beckoneuno mansle QyHKUMH o(X) U [(X) Ipu X — A Ha3BIBAIOTCS IKGUBATEHMHBLIMU

limM:1

0eCKOHEeUHO ManblmMu, eCiu XA B (X ) . 3anuceIBaroOT a(x) ~ P(x).
[Tpu x—0 3KBUBAJICHTHBIMH OECKOHEYHO MAJIBIMH SIBJISIFOTCSI CIICIYIOIIUe (DYyHKITHH:
1. sin x~ x;
2.tgx ~x;
3. In(1+x) ~ x;
4. -1~ x;
2
X

l—cosx~ 2 ;
.a'—1~xlna;
(0" =1~ ax;
. arcsin x ~ x;

. arctg x ~ x.

O 0 3 O\ W

tg5x

lim
IIpumep. Haitu nipegen x>0 sin7 x
Tak kak tg5x ~ 5x u sin7x ~ 7x npu x— 0, T0, 3aMeHUB (YHKIUH YKBUBAJICHTHBIMH OECKOHEUHO

limitQSX :th_x_E

MasTbIMH, ToTyunm: x>0SIN7X x50 7X 7
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3
lim ———
Ipumep. Haiitn npegen x>0 1—COSX
3 3

2 lim ———=lim ~-=lim 2x=0
2sin25~2(£ x>0 1—COSX x50 X~ x»0
Tak kak 1 —cos x = 2 2 pu x—0, To 2
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IIpakTHyeckoe 3ansTue Ne 9
Buviuucnenue npouszeoonslx, ucciedosanue hynkyuu

Hean pab6orbi: HayuuTbcs HaXOIUTh MPOU3BOJHBIE BBICHIUX MOPSIKOB, MPUMEHSATH MPABUIIO
JlomuTans K BBIYUCICHUIO MPEIENIOB, UCCIENOBaTh (YHKIUIO C MOMOINBIO MPOU3BOAHONW 1 u 2
MOPSIKOB.
IMoaroroBka k padorte: IloBTOopuTh TeopeTwueckuii marepuan mo teme «uddepenunaibHoe
UCcUHCIICHUE (PYHKIIMH OJTHOM NEeHCTBUTEIBHON TIEpEMEHHOMN.
3agaHue HA 3aHATHE:

1. Haiftu npon3BOHBIE CIEAYIONINX (PYHKIUI:

1) y:(7x2+2x—1)6; 6) Y= Coswox;
2) v=sin(2y=1), _ 1
3) = Jat =6, 7) (1+COS4X)5 ;
1 p=e,
y=arctg— 8) - E
4) X 9) V=¢ ntgx .
1.3 1 5 ’
=tgx——tg > x+—tg’ X _1,,x=3
5) y=lgx—-tg x+1g y—gln
10) X+3
2. BolumCIUTh TIPOU3BOIHbIE (DYHKIMI B 331aHHBIX TOUKAX:
f(x):# ,
1) 1+10*  Hajiru f (0)
)=

f(x o) F(o) f
2) 2x=1 Haitrn f (0), £ (2),(=2)
In x (1
f(x)=10% , f(—) (o2
3) X HaITITI/If(e), e ,f(e )
3. Beruucauts npenensl, Ucronb3ys npasuwio Jlonurais.
3 2
X —2x —x+2

lim 3
1)x>1 X —7x+6
X
lim e 1
2) x»0 X
lim X CoSs x—sin x
3) x=0 X3 ,
aX
lim —
4) x>+ X ;
lim(sin x)*
5) v—+ ) .

4. HUccnenoBath (hyHKIMM Ha BO3pacTaHue, yObIBaHUE, BBIITYKIOCTh, BOTHYTOCTh. HailTu TOUKH
HKCTpPEMyMa M TOUKH Ieperuoa.

l)f(x):x3—6x2+x

f(x)=2x++
2) x
2

Fixy=—
3) v+

4) flxl=1x-=1r
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5) fix)=2v +Inx

5. . Haiitu acuMnitoThl rpadukoB QyHKITHIL:

x+5
X |=
=2
X): 5X
2) x—1
3)
6. UccnenoBars GpyHKIUH 110 OOIIEH CXeMEe M TIOCTPOHUTH IpaduKu.
4
f(x)zx—— 2x°
1) 4
X
X)]=——
=35
3) flxy= x e

IHopsinok npoBeneHus 3aHATHSA:
1. Tlomyuuts momyck kK pabote
2. BrumomHATH 3aMaHAs
3. OTBeTUTh Ha KOHTPOJIbHBIE BOIIPOCHI.

Conep:xanue oTyera:
1. HaumeHoBanwme, 11eNIb 3aHATHS, 3aJIaHUC;
2. BhpINONIHEHHOE 331aHHUE;
3. OTtBeThI Ha KOHTPOJIBHBIE BOIIPOCHL.

KoHTpoJibHbIe BONPOCHI 115 3a4eTa:
1. Yro HazbIBaeTCs MPOU3BOJHON (PYHKIUU?
Kak HaiiTu mpou3BOJHYIO OT CJIOKHOM QyHKIMH?
Kak BBIYMCIINTB 4aCTHOE 3HAUYEHUE IIPOU3BOAHOM?
Uto Ha3bIBa€TCA MPOU3BOAHON BTOPOTO NMOpsiAKa? n-ro nopsaka?
Cdhopmynupyiite npasuio Jlonurans
Jaiite onpenenenre BbIMYKIOM, BOTHYTOW (QyHKIUU.
Kak uccrnenoBaTh QyHKIIUIO BBITYKIOCTh, BOTHYTOCTh?
Urto Ha3pIBaeTCs acumMnToTamu rpaduka GyHKIun?
. Kakue Buapl acumnTor Bbl 3Haete? Kak onu Haxoxasrcea?
10. Kak HaiiTi obnacts onpeaeneHust QyHKIuu?
11. Kak nccnenoBars GyHKIUIO HA YETHOCTh, HEYETHOCTb, IEPUOJUUYHOCTH?
12. Kak HaliTH TOUKH npecedyeHus rpaduka QyHKIMH ¢ OCSIMH KOOpIUHAT?
13. Kak wuccienoBath (yHKIHIO Ha MOHOTOHHOCTb, 3KCTPEMYMBI, BBITYKJIOCTb BOTHYTOCTbD,
TOUKH Iepernda?

00N L AW

HHPUJIOKEHHUE

Paccmorpum dyHKmmio y = f(x) mpu x mpUHAIIEKAINIEMY HEKOTOPOMY OTpe3Ky [a,; b].
Bo3pMeM MpOU3BONIbHYIO TOUKY Xy U3 9TOTO OTPE3Ka.

Ilpou3seoonoii ¢pynkyuu f(x) 6 mouke x, Ha3bIBACTCS MPEAET OTHOIICHUS MPHUPAIMICHUS
bynkunu Af(x) K npupaiieHuo aprymenrta Ax npu Ax — 0 (eciu 3T0oT npezen CyIecTBYeT).
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lim Af (x,) lim f(x)=f(x)

Takum oGpazom, 4x»0 AX =40 X=X, _f(x0)
Ecnu »TOT nipenen KoHeyHbIH, To GYHKIUS Ha3bIBACTCS OughghepeHuupyemoit B TOUKE X,.

IIpousBoaHas c10:KHOM QyHKIMHU

Ilycts y = f(u) rne u = g(x), npuueM 0o6JIacTh 3HAUEHUH (PYHKIMHM # BXOJUT B 00JIACTb
onpeneneHust GyHKIMH f, T.€. 3aJ1aHa CJI0KHAs PYHKITHS.

Ecmu ynkmus y = f(u) nuddepenupyema no u, a ynkuust u = g(x) auddepenuupyema
0 X, TO MPOU3BOJAHASA CIOXKHOW (QYHKIUM I0 HE3aBUCUMOW NEpPEMEHHOM X ompenensercs
paBeHcTBOM: Y =f (u)u(x)

[lyctb ¢ - mocTossHHOE uuciao, u = u(x), v = v(x) - Hekoropble nuddepeHIpyEeMbIE
(GYHKIMH, TO CHIPaBEUIMBHI CIIEAYIOIIUE npasuia ouggepenyuposanus:

1) (¢)' =0, (cu) = cu';

2) (utv) =u"+v'

3) (wv) = uvtv'u;

4) (uhv)' = (u'v-vu)V*

TabGau4HbIe 3HAYEeHHUA MPOU3BOJAHBIX OCHOBHBIX (yHKIMIA

l.(wY =nu""u(meR) 1
2.(a") =a"Inau' 9. (ctg u) = - sin®u 4
3.(e") =¢e"u' 1
1
/ 2
4. (logu) = u-lna 4 10. (arcsin u) = V1—U" 4
1 1
. 2
S.(nuy=4tuy 11. (arccos u) =- V1—u" 4
6. (sinu) =cosu u' 1
7. (cosu) =- siln uu 12. (arctg 1) = 1+u®
1
2
r=cos“u y’
8. (tgw) " 13. (arcctg u)' = - 1+u® g
§/x2—2 \/;+4i_
[Tpumep. Beruncnuth npon3BogHYIO QYHKIMH: Y = Vx

Jns HaxokOeHUs JaHHOW TMPOW3BOJIHON CHauana mpeoOpazyeM 3aJaHHYI0 OQYHKIUIO: )y =
2 1 -1

3 2 4
X" —=2X"+X "  Jlanee Bocronb3yeMcsi | TaGIMIHBIM 3HAUCHHEM:

2 1 1 1 1 5 2 1 1
2 37t 1ot 1yt 23 T 1T =
y=3" 2oXT TX T _gX X Ty 3y Vx4
2x°+3

IIpumep. BeraucnuTs mpou3BOAHYIO QYHKIUU: ) = 7 x°+2
JlanHas pou3BoAHAs BeIUUCIgETCs 1o 4 npapuiy auddepennuposanns (u=2x+3, Vv=7x*+2):

(2x%43)(7x%42)—(2x%+3)-(72%42)  dx(7x*+2)—(2x*+3)-14x

g = (7 x%+2)? _ (7x%+2)? _
28x°+8x—28x"—42x  34x
_ (7x*+2)° __(7x*+2)

3-4x

[Tpumep. Haiitn npousBoaHyto GyHKINHU ) = e
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U

Hannas Qyskuus ssnsercs cioxHo. O6o3Haumm u = 3 - 4x, Torma y = e
BOCII0JIb30BABIINCH 3 TaOJIMYHBIM 3HAUEHUEM IIPOU3BOIHON, MOITYUHM:
yr — (eu)v =y = eS—4x . (3 _ 4x)r — 63—4x . (_4) = -4 e3—4x

Jlanee

[Ipumep. Boruucnurs npoussoanyio GpyHkuun: y = (5x*+3x-7)°
Jlannas QyHKIMs ABAsSeTCs cI0kHONW. O603HaYMM u = S5x*+3x-7, moayunm QyHKIMIO y = u°, 1
HAXO0XJICHUS TPOU3BOTHON KOTOPOM BOCTIONB3yeMCs | TaOIUYHBIM 3HAUCHUEM:
V' =6u’= 6:(5x*+3x-7)° - (5x*+3x-7)' = 6:(5x*+3x-7)° - (10x+3).
IIpou3BoaHbIEe BHICIIUX MOPS/IKOB
[Tycte dynkums f(x)- auddepeHuupyemMa Ha HEKOTOPOM HHTepBasie. Torna,

y=f ()=
nudepeHIupys ee, MoydaeM MepByIO MPOU3BOTHYIO dx
Ecnu naiitu npousBoHy10 GYHKIUH f7(X), MOTYyYHM BTOPYI0 NPOU3BOIAHYI0 QYHKITHH f(X):
2@ () d’y_d[dy
y =f(x)=—-235" 2 dx\dx
dx* 1e.y"=(y) wm dx

dny _ i dn—ly
dx" dx| dx"!

OTOT MpOLECC MOKHO MPOJIOJDKUTH U JJajiee, HaX0Asl IPOU3BOIHBIE CTEIIEHU :
PackpbiTie Heonpenesennocreii. [lpasusio Jlonmuraas

Teopema Jlonumana. Ecom bynaxkumu f(x) u g(x) nuddepeHunpyemMbl B OKPECTHOCTH TOUKH
@, HETIpephIBHBI B TOUKE @, g'(x) OTIMYHA OT HYJS B OKPECTHOCTH TOYKH a U f(a) = g(a) = 0, 10
npenen oTHoueHUs! GyHKIUN IpU X—a paBeH MpeJeNly OTHOIICHUS WX MPOU3BOAHBIX, €CIH 3TOT
npeaent (KOHEYHBIH Ui OECKOHEYHBIN) CYIIEeCTBYET.
tim LX) g F(x)
x=>a g(X) x>a g (X)
3ameuanue. Teopema ocTaeTcs B CHJIE U B TOM CiIydae, KOTJa B TOUKE X = a GYHKIUHU ¢ (X)
Uy (x) oOpamiatoTcsi B 06CKOHEYHOCTb.

0

Ilpasuno Jlonumans. 171 pacKpbITUSA HEONPEACICHHOCTEH 04 HAJI0 3aMEHUTH MPEIE
OTHOIICHHUS ABYX (YHKIMH TpeaeaoM OTHOIIEHHS WX IMPOU3BOAHBIX. Ecim okaxercs, 9To
OTHOIICHUE TPOU3BOJHBIX MMECT KOHEUHBIH Tpe/iei, TO K J3TOMY e Mpeaesly CTPEeMHTCS U
OTHOIIEHHWE MaHHBIX (QYHKINH.

lim "

[pumep: Haiitu npepen x*1 € —é€

x°—1+Inx

0

HpI/I MOIIBITKC HCIIOCPCACTBCHHOI'O BBIYUCIICHUSA MPEACIIa TOJIYHUACTCA HCOMMPECACICHHOCTL BUAA 0 .

OYHKIMH, BXOJSUINE B YUCIUTENb U 3HAMEHATENb JPOOH YAOBIETBOPSAIOT TPEOOBAHUSIM TEOPEMBI
1

1 x*—1+In x f(x) 2X+; 2+1_3
lim lim = - = =

Jlonmrans: f(x) =2x+ X ; g'(x) = ¢'. Torma x>1 e'—e —x>1g(x) e € €.

Ecan IIpu pCHICHUHN IIpHUMEpa MOCIC NPUMCHCHHA IIpaBUIa JlommTans momeITKa BEIYUCIUTH
npezieNl OnsATh MPUBOAMUT K HEOMPEAETICHHOCTH, TO MpaBuio Jlomuranst MOKeT OBITh MPUMEHEHO
BTOpOH pa3, TPETUl U T.J. IOKA He OyAET MOIy4eH pe3yibTaT. EcTecTBEHHO, 3TO BO3MOKHO TOJIBKO
B TOM Clly4yae, €Clii BHOBb MOJY4YEeHHbIE (DYHKIIMH B CBOIO OUYEpPE/b YAOBJIECTBOPSIOT TPEOOBAHUIM
teopemsl Jlonurais.
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X —X
. e —e "—2x
llm—.
IIpumep: Haiitu npenen x>0 X—Ssmx
0
[Ipu moncranoBke x = 0 mody4yaeTcs HEONPENEICHHOCTh BUJIA 0. TIpUMeHUM TPABHIIO
AN
Jlonurans. HaiizeM NpoM3BOJAHBIE  YMCIUTENS W 3HAMEHATEJIA: f (x)—e +e —2;
. ef+e =2 1+41-2 0
hm = — =

g (x)=1—cosx y HOACTaBUM MX B IIpeHes: x>0 1—cosx 1-1 0 _ omars HOJIYYHIIAC

" _ X —X " .
HEOIpeaeNeHHOCTh. [IpuMennM npasmito Jlonuras eme pas. f(x)=e'~e . g (x)=sinx,
X —X
e —e 1-1_0

lim =

x>0 SILX 0 0 . ypumensiem npasuio Jonurans ewe pas.
e*+e ¥ 2

X, —Xx o lim————===2

f(x)=e"+e g (x)=cosx. xs0COSX 1

8 0
s packpblTus APYrMX HEONPENEICHHOCTEN 0-00 o0 —oo, 1 , 07 ux crmenyer

0 0

MpEaABapUTCIIbHO npeo6pa30BaTL K HCOIIPCACICHHOCTU BUIa 0 nin w .

l

. odnw e
]_.J.}'}.-. Inx=[0-x]= ]_.J_?'ll]—— [?}_ ]_.J.}'}—]— l__J.}}[ x}=0

[Ipumep x°

0 00 0
Heonpenenennoctu  Buaa 0, 1, = MOXHO  PacKphITh c ITOMOLIBIO
norapupmMupoBaHus. Takue HEONPENEIECHHOCTH BCTPEYAIOTCS TMPH HAXOXKIECHUU TMPEEIIOB

— g(x
dyukumit Buga Y = [f (x )} , f(x)>0 B OKpECTHOCTH TOUYKHU @ MpH Xx—> a. 711 HaxXoXKAeHus npeaesna
Takoi (PyHKIIMM JOCTATOYHO HAWTH npenen ¢pyHkuuu Iny = g(x)Inf(x).

o
lmérsncix
Opumep: Haiitu mpemen Pl
3mech y = x', Iny = xln.

s + —m | ' i | f:lnx_f\ e =Tm | ,,1/)(_ ta ) - !
limé a0 6In y=limxs0b 6 xInx=liméas066——=4 mpaguo & | |=lim 060 ——==liméas0 66x=0; ¢
00 000 ol 1 oo =1/x 00
Torna X
mé ot y=hliméniiy=0; = Imisobiy=lméeniin'=1i
CrnenoBaTeilbHO w0i w0 w0 »i

I'padux GyHKIMU f(x) HA3BIBACTCS @bINYKIbIM HA WHTEpBaJe (a, b), €Clii OH PacIOOKEH
HI)KE KacaTelbHOHM, TpoBeJeHHOW K 000l ero Ttouke. ['paduk dyHkimum f(x) Ha3bIBaeTcs
60zHymuIm Ha uHTEpBale (a, b), eciu OH PACIIOIOKEH BBIIIEC KacaTeIFHOHN, IPOBEACHHOMN K JIF000H
€ro TOUKe.

Teopema (0ocmamounoe ycnogue 8vlnyKiocmu, 602Hymocmu zpaguka ynkuyuu). Ecnu
byHKIMA ¥ = f(x) uMeeT Ha uHTEpBaie (a, b) BTOPYIO MPOU3BOJIHYIO f'(X) U OHA TOJOKUTENbHA, TO
(GyHKIMS BOTHyTa Ha 3TOM WHTepBane. Ecim ke f”(x) orpumarensHa Ha wHTEpBaye (a, b), TO
(yHKLHMS BBITyKJIa HA 3TOM UHTEpBaJIe.

Touka rpaduka (yHKIMHM TpU TIepexone 4Yepe3 KOTOPYIO KpUBash MEHSET HaIlpaBliCHHE
BBINTYKJIOCTH, Ha3bIBACTCS IMOUYKOI nepecuoa.
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Teopema (0ocmamounoe yciosue cyuwecmeosanus mouxku nepecuoa) Eciu pyHkius y =
f(x) nmeer Ha unHTepBaie (a, b) BTOpyI NMpOU3BOAHYIO f”(X) M MpHU Mepexojie Yepe3 TOUKY X = Xy
f”(x) MeHsieT 3HaK, TO TOUKa KPUBOH ¢ aOCIMCCOM X = X ABJISICTCS TOYKOM Tieperuoa.

Acumnmomoit Kpueoil Ha3bIBae€TCs NpsMasi, K KOTOPOH HEOrpPaHWYEHHO MPUOIMKACTCS
rpaduk QyHKIHH.

Crnemyer OTMETUTh, YTO HE JIF00as KpHBas MMEET aCHUMMTOTY. ACHMMTOTHI MOTYT OBIThH
npsiMble U HakJoHHBIE. VccnenoBanne pyHKIUN HA HAJIMYME aCUMITOT UMEET OOJIbIIOe 3HAYCHHE
Y TI03BOJISIET O0JIee TOYHO ONPEACIIUTh XapakTep GyHKIUU 1 TTOBeeHUE TpadrKa KpUBOH.

PaznuuaroT Tpu BUIa aCUMIITOT: BEPTUKAJIbHBIE, TOPU30HTAJIbHBIE U HAKJIOHHBIE.

lim f(x)=w lim f(x)=o0 lim f(x)=c0
Bepmuxkanvuvie acumnmomut. Ecnix->a+0 , x»a—0 , WK x~a , TO TIpsAMast
X = a ABIIAETCS BEPTUKAIBHOI acUMITOTON KpuBO#l y = f(x). BepTukanbHble aCUMOTOTHI OOBIYHO
COMPOBOXKIAIOT TOYKHU pa3pbiBa BTOPOTO poja W eciu (PyHKIHMS HENpEephIBHA, TO BEPTUKATHHBIX
ACHUMIITOT HET.

flx)==2
Hanpumep, 1 GyHKIHH X—=5 npsiMasi X = 5 SIBJISIETCS BEPTUKAIBHOW aCUMIITOTOM.
Haknonnwte acumnmomot. HakiioHHast acUMIITOTa 3a/1aeTcsl ypaBHeHUueM y = kx + b. [l Tounoro
ompeNeNeHUusT ATOW MpsAMON HeoOxoaumo HaWth Kodddumuentet & w b. OHUM HaXoaATCA

- f(x) .
k=lim =~ p=lim|f(x)— kx|
CeAyIoMM oOpa3oM:  x»w X x>0
Topuszonmanvnsle acumnmomot SBIAIOTCSA YACTHBIM CIIy4aeM HAKJIOHHBIX aCUMIITOT rpu k =0,

9x

. o 2
[Tpumep. Haiitn acumnToTsl pyHKINN 9—x7,

[Ipsimble x = 3 U x = -3 SBASIOTCS BEPTHKAJIBHBIMA aCHMITOTaMH KPHBOH, T.K. B 3TUX TOYKax
(GYHKIMS UMEET pa3pbIB 2-ro poja.

k=1lim —2— =0

Haiinem HaKIOHHBIE aCUMITOTHI: x>0 9—x , CJIeJOBaTeJIbHO, HAKJIOHHONM AaCHUMITOTHI
£l
. 9x . X
b=lim ———=]im ——=0
X=> 0 9 —X X=>o0 i . 1
o 2
bynkuust He wumeer. Haitnem X , T.e. ¥y = 0 — ropusoHTajgbHas
ACUMIITOTA.

Cxema ucciaenopanust GyHkuumii

1. Haiitu obnacte ompeaeneHus (YHKIMM W ONPEACTUTh TOYKH pas3pbiBa, €CIH OHU
UMEIOTCS.

2. YCTaHOBWTH, ABISETCA (PYHKIMS YETHON WM HEYETHOW WJIM HU TOM HU npyroil. Ecim
(GyHKLIMS YeTHAa WM HEYeTHa, TO JOCTaTOYHO PACCMOTpPeTh €€ 3HadyeHus npu x>0, a 3arem
CUMMETPUYHO OTHOcHUTEIbHO ocu OY wmiM Hayanga KOOpAMHAT BOCCTAHOBUTH €€ U ISl 3HAUYCHUI
x<0.

3. HccnenoBath ¢GyHKIMIO Ha nepuoAndHOCTh. Ecnum (yHKuua nepuoaunyeckas, TO
JI0OCTaTOYHO PACCMOTPETH €€ HA OJJTHOM IIEPHO/IE.

4. Haiitu Touku mnepeceueHusi rpapuka QYHKIUH C OCAMU KOOPAMHAT (€CIH 3TO
BO3MOKHO)

5. TlpoBectu uccienoBanve pyHKIMU HA SKCTPEMYM W HAWTH MHTEPBaIbl BO3PACTAHUS U
yObIBaHMS (QyHKIIHH.

6. Haiitu Touku nepernba KpUBOW U MHTEPBAJIbI BBIMYKIOCTH, BOTHYTOCTH (DYHKITHH.

7. Haiitn acumMnToTs rpaduka QyHKIHH.
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8. Tlomp3ysich pesynpraramu maroB 1-7, cTpost rpaduk ¢pyHkuuu. MHorma st Gombiueit
TOYHOCTH HAaXOJAT HECKOJIBKO JOMOJIHUTEIbHBIX TOYEK; UX KOOPAMHATHI BBIUUCIAIOT, MOJIB3YSChH
YPaBHEHUEM KPUBOM.

3
X

[pumep. MccnenoBars (HyHKIHIO Y X' =1y MOCTPOUTH €€ rpaduk.

1) Obnacteio onpeneneHusi GYHKINUU SBISIOTCS TPOMEXKYTKH (-00; -1) U (-1; 1) U (1; o).
O061acThIO 3HAYCHHI TaHHOW (DYHKIIMH SIBJISIETCSI HHTEPBAI (-00; 00).
Toukamu pa3pbiBa QyHKIHH SBISIOTCS TOUKU X = 1, X = -1.

2) ®OyHKUUA ABISETCS HEUETHOM, T.K. x~1
3) ®yHKUUSA HE NEPUOIUYECKAS.
4) I'padux nepecekaet ocu koopauHat B Touke (0; 0).
5) Haxomum KpuUTHYECKHE TOYKH.
33X (X -1)=2xx> 3x*—3x*—2x* _ x*-3x°
(x*=1) (x*—1)? (x*—1)
Kpurnueckue touku: x = 0; x = - 3;x = \/3; x=-1; x=1.

Haxogum mnpomexyTku Bo3pacTaHusi W yObIBaHusA (QyHKIMH. [ 3TOro ompenensieM 3HAKH
MPOM3BOTHON (DYHKIIMU HA MTPOMEKYTKAX.

o<x<-V3 ,  y’>0, pyHKuus Bo3pacTtaer

-\/3 <x<-1, '<0, ¢yskuus yObiBaeT
-1 <x <0, y' <0, ¢yHkuus yOsiBaeT
0<x<I1, ' <0, QyHkuus yosiBaeT
l<x< \/3 , V' <0, ¢yHkuus yosiBaeT
\/3 <x<oo, y' >0, QyHKIUSA BO3pacTaer

Bugno, uTto TOUkKa X = -\/3 ABJSICTCS TOYKOM MAaKCHMMyMa, a TOYKa X = \/3 SIBJIAETCSI TOUYKOU

MUHMMYyMa. 3Ha4eHUsI PYHKLIUHU B 3TUX TOYKAX PABHBI COOTBETCTBEHHO 3\/3 2 n -3\/3/2.

6) Haiinem BTOpYIO NIpOU3BOIHYIO (DYHKIIUU
(4x3—6x)(x2—1)2—(x4—3x2)4x(x2—1)_

(x'-1)*
(4x’—6x)(x*—2x°+1)—(x*=3x%)(4x’—4x) _
- (x2—1)4 -
AX —8X+4X -6 X+ 12X -6 x—4X +4X°+12X°—12X° _
- (xz—l)4 -
C2X+4x3—6x _2x(x*+2x7=3) 2x(x+3)(x°=1)_2x(x*+3)
- (x*=1)* - (x*=1)* - (x*—1)* - (xz—l)?"

OHpCI[eJ'H/IM BBIITYKJIOCTb U BOTHYTOCTb KpHBOfI Ha IMPOMCIKYTKax.

co<x<-V3 , »'"<0, KpuBas BbITyKJIas

-\/3 <x<-1, " <0, kpuBas BbIITyKIas
-1 <x <0, »y"">0, KpuBas BOrHyTas

0<x<l, " <0, KpuBas BBITYKJasl
1 <x< \/3 , y"">0, kpuBas BOTHyTas
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\/3 <x < oo, y'">0, KpuBas BOTHyTas

7) Haiinem acumnTotbl KpuBou. Ilpsimble x = 1, x = -1 ABAAIOTCA BEPTUKAIbHBIMU
aCHUMIITOTaMH, T.K. B HUX OJHOCTOPOHHHE Ipelesibl paBHbI OECKOHEYHOCTH. Temepp Hainem

HaAKJIOHHBIC aCUMIITOTHI.
2

k=lim —X—= lim ——=1;
x>0 X —1 x—)ool_i
XZ
1
3 3 .3
b=Ilim —x|=1lim x2;+x =lim ——=lim ——=0
x>0\ X°—1 X=> 0 x—1 x>0 X“—1 x> 1_L
X2

YPaBHeHI/Ie HaKJIOHHOW aCUMITOTHI: y =X

8) IMoctpoum rpaduk GyHKIIUH 1O pe3yabTaTaM UCCIIEeIOBaHUS.

4.

EQS

4L
IIpakTuyeckoe 3ansiTue Ne 10

Botuucnenue npuénusicennvix 3navenuii pynkyuu. Ouenxka nozpewnocmu

Heabr pabGorbl: Hayuuthcs Haxoauth auddepeHuman QyHKIUH, BBIYUCIATH NPUOIMKEHHbBIE
3Ha4YeHUs1 QYHKIMH, IPUPAIICHUS PYHKIUHU ¢ TOMOIIbI0 1uddepennnana

IloaroroBka k padore: [loBTOpuTh TeopeTMdeckuii Marepuan mo teme «JuddepenmmansHoe
UCUHUCIIeHUE (PYHKIIUHM OHOM JeMCTBUTENLHON TIEpEMEHHO»

3aganue Ha 3aHATHE:

1. Hatitn nuddepennmainsl cneayomux GyHKINAN:

1)y:\/x2—3x

2) y=arccos X
3) Y= cos’ x
37



4) y= esin X
1

y=—m==

5). 2% B TOUKe X = 1.

f(x):lx3+x2—5,

2. Haiiti mpubnmkeHHOE 3HAYCHHE pUpaIieHUs QyHKIINHA npu
W3MEHEHUU aprymeHTa ot x = 3 go x = 3,1

1. Ha cKombKO NPUOIMKEHHO U3MEHUTCS 3HAYE€HHE CTENEHH 2°, €CIIM OCHOBAHHE YBEIMIHUTCS
Ha 0,003?

2. CropoHa KBaJIpaTHOTO JINCTA JKECTH, paBHas 15 cM, Mociie HarpeBaHUs YBEIWYWIACh Ha
0,001 cm. Beraucnure mpuOIMKEHHO, Ha CKOJTBKO M3MEHWIACH TUIOMIA/Ib ATOTO JIHCTA.

3. Haiitu npubnmxeHHoe 3HaueHUe (yHKIINH:

—.u3
1 y=Vvx —2x B Touke x = 1,96

2) "= VI =2 p 1ouke x =3,012

4. BwraucauTh npuOIMKEHHBIC 3HAYCHUS:
1) (1,025)"
2) V31
3) e—0,00S
4) 22,98
5) Cos61’

Ilopsinok npoBeneHust 3aHATHA:
1. TomyuuTs n0IycK K padboTe
2. BrmmonHuTs 3amanus
3. OTBETUTH HA KOHTPOJIBHBIE BOIIPOCHI.

Conep:xanue oTyera:
1. HaumeHoBanwme, 1€ 3aHATHS, 3aJIaHAC,
2. BrInonHeHHoOE 3a1aHKE;
3. OTBeThI HA KOHTPOJIBHBIE BOMPOCHI.

KoHTpoabHBIe BOpockI ISl 3a4eTa:
1. Yro nazbiBaercs nupdepenuunanom pyunxun? Kak naittu nuddepennnan pynxmmun?
2. Kak ¢ momompio auddepeHnrasa BBYHUCIUTG NPUOIMKEHHOE 3HA4YeHHE (QYHKIINH,
npupaneHus QyHKIun?

IMPHJIO)KEHUE

Jugpgpepenyuanom dyHkuum f(x) B TOUKE X, HA3bIBACTCS JIMHEWHAs OTHOCUTENBHO Ax

byHKIMSA f (X0>Ax, COCTaBJIAIONIAs] TJIABHYIO YacTh MPHUPAIICHUS (QYHKIUHM B TOYKE Xo.
Ob6o03nauaercs df(xo) unu dy. Beraucnsercs no popmyne: dy = f(x)dx.

. 1
y=XCosx Sll‘lX+—COSZX
[Mpumep. Haiitu quddepenuman GpyHkuuu 2

_ 1. 1
y==sin2 x+—=cos" x
Chauana npeodpa3yemM JaHHYIO (pyHKIHIO: 2 , HaliIeM POU3BOIHYIO

y':%sin2x+%x2c052x+%2cosx(—sinx):%sin2x+xcost—sinxcosxzxc052x.
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Toraa muddepenunan OyaeT paBeH dy =xcos2 xdx.

IpudamnxkeHHbIE BbIYMCIEHHS ¢ TOMOUbIO U depeHnnana

1. Boruncnenue npuOIMKEHHOTO 3HAUCHUS IPUpAIIEHUS (PYHKITUH: Af (X())Ndf ( XO)

[Ipumep. Ilomp3ysice moHsTHEM udQepeHnrana (yHKIUN, BBIYUCIUTH MPHOIMKEHHO
_ 2
m3Menenue pyukiun Y =X 7x"+80 NpY U3MEHEHUH apryMenTa ot 5 10 5,01.

2
Haiinem nuddepennuan GpyHKIHT dy=(3x"~14x)dx . IoxcraBum 3Hagenus x, = 5, Ax = 0,01.
Af (x,)~(3-5°—14-5)-0,01=0,05

ITonmyyum

2. Boruncienue npubIMKEHHOT0 3HaYeHUS (PYHKLIUU: f (X0+Ax)Nf (X0)+df (XO)

[Ipumep. Boraucnurs npubImKeHHOE 3HaUEHUE ¢ HoMOLIbo quddepennuana 1,998,

5
Paccmotpum (pyHKITHIO f ( X)NX , Te x = 1,998. Pa3oObeMm x Ha xo 1 Ax (X = xo + Ax), yCTh Xy =
2, Torma Ax =-0,002.

Haiizem 3HaueHue f(xo):25:32’ df(x):5x4dx, df (x,)=5-2"(~0,002)=-0,16
Torma 1,998° ~ 32 - 0,16 =31, 84.

IIpakTnueckoe 3ansitue Nell
Pewenue npuknaouvix 3a0au ¢ NOMOUbI0 ONPEOeIeHHO20 UHmezpana

Heab padorbi: HayunThcs BBIYUCIATH OIpeNEieHHbIE WHTErpaibl, HAXOAUTh IUIOMIAAU (QUryp,
OTPaHUYEHHBIX JIMHUSAMHU, 00HEMBI TEIl BPAILICHUSI.

IloaroroBka Kk padore: [loBTOpuUTh TeopeTMueckuii marepuan 1o Teme «MHTerpaibHoe
ucUHciIeHUe PYHKIIMHA OJHOM NEeHCTBUTEIBHON IEpEMEHHOM.
3agaHue HA 3aHATHE:

BAPHUAHT 1
1. Beruucnuth paboTy, COBEpIICHHYIO P CXKATUHU MPYKHUHBI Ha 8 CM, €CIIM AJIS CKaTHs ee
Ha 1 cM Hy»HO puiI0XuTh cuity B 10 H.

2. CKOpOCTh JBMKEHHS TOYKH MEHSETCS IO 3aKOHy Vv = 4f — £, Te Vv — CKOPOCTh, M/C; [ —
BpeMs, C. BBIYMCINTB: TyTh, NMPOWJICHHBIH TOYKOH 3a TPETHIO CEKYHIy JBIKCHUS, IyTh,
IPONAECHHBIN TOYKOM 3a MPOMEXKyTOK BpemeHH [0; 6].

3. Haiitu momans GUrypsl, orpaHU4eHHON JIMHUSIMH:
1) y=x*-8x+16; y=6—x
1

2) X x=.3,x=—1, ocbto abcmmce
3) y=x*-2(x>0),y=-1,y=7,x=0

4. Haiitu o0beM Tena, 00pa3oBaHHOTO BpalleHHeM BOKPYT ocu Oy KyOuueckoil mapadboisl

3
Y—=X Bupegemax ory=1m0y=38
BAPUAHT 2
1. Beruucouth paboTy, COBEPIICHHYIO MPU PACTSXKEHUU MPYKUHBI HA 6 CM, €CIIU JIJIS CHKaTHs
€€ Ha 3 CM HY>KHO NPUJIOXKUTH cuity 15 H.
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2. CKOpOCTh TOYKH, JBIKYIICHCS IPSIMOJIMHEHWHO, 3a/jaHa ypaBHeHUEM v = 67— 4¢ — 10, cm/c.
BbruncnuTh: myTh, MPOMIEHHBIM TOYKOM 3a mepBble 4 CEKYH[Ibl ABM)KEHUS; IyTh, IPONIECHHBIN
TOYKOM 32 YETBEPTYIO CEKYHY ABUKECHUS.

3. Haiitu mmomanb Gurypsl, orpaHUYCHHOM JIUHUSMH:
) y=x*-6x+9; 3x—y—-9=0
x’ 2
== y=4-2X°
2 Yy 3 y 3

3 Y= X_l,y= 1,y=0,x=0
4. BoluncnuTh 00bEM Teja, OJIyYEHHOTO OT BpallleHusl BOKpYT ocu Ox Tpanenuu,

1
y=5X
2 ,Xx=4,x=6u ocblo abcIycc
BAPUAHT 3
1. Beruucioute paboTy, coBepuiaeMylo Mpy cxKaTuu npyxuHbl Ha 0,05 M, eciu 1 ee cxaTust

Ha 0,02 M HyxHa cuna B 10 H.

00pa3oBaHHON MPSAMBIMHU

2. CKOpOCTb TOYKH, JBMXKYILIEHCS MPSIMOIUHENHHO, 3a/1aHa ypaBHEHUEM v = 3¢2 — 2¢ — 1, m/c.
Bpraucnuth: myTh, TpOMACHHBIN TOYKOM 32 5 CEKYHJ MOCJIE Havalla ABUKEHUS; MTyTh, MPONICHHBIN
TOYKOH OT Hayajia JABMKEHUS J0 €€ OCTAaHOBKHU.

3. Haiitu mnomans GUrypsl, orpaHu4eHHON JIMHUSIMHU:
1) y=—x>+6x-5, y=0;
2) y'=x, y=x
3) y=16x, y =2, 0CbIO OpAMHAT
4. BpuuciuTh 00beM Tesa, NOJTYYSHHOTo OT BpaleHHst BOKpyr ocu Oy Tpaneuuu,
00pa3oBaHHOM NMPSMBIMU y = 3x, Y =2, ¥ =4 ¥ OCbIO OpJUHAT
BAPUAHT 4
1. Beruncoute paboOTy, COBEpIIEHHYIO TPU CXXATUU TIPYKUHBI Ha 6 CM, eclnm s
pacTspkeHus ee Ha 1 cM Hy>KHO npuioxuTh cuiny B 10 H.

2. CKOpOCTh TOYKH, ABIXKYIIEHCS MPAMOJIMHEWHO, 3a/laHa ypaBHeHHEeM V=24t — 6%, wm/c.
Beruncnnuth: myTh, NPOWICHHBIM TOYKOM OT Hayajlia JABWMXKEHHS 1O €€ OCTAHOBKH; IIyTh,
IIPOWICHHBIN TOYKOHU 3a BTOPYIO CEKYH]ly IBHKCHMUS.

3. Haiitu mnomans GUrypsl, orpaHu4eHHON JIMHUSIMHU:
1) y=x*+1,y=2x+9, x=0, y=0

3) x+2y-8=0,y=1,y=3

4. KpuBonuHeliHas Tpamnenus, orpaHnYeHHas runep0oioi
Bpataercs BOKpyr ocu Ox. Halitu 0o0beM Tesa BparieHus..

4
X

U psMbIMHU X = 3, x = 12

BAPUAHT 5
1. BeruncnuTth paboTy, KOTOPYIO HYKHO 3aTpaTUTh, YTOOBI PACTSHYTh HMPYXHHY Ha 6 CM,
ecnu cuna 1 H pactarusaer ee Ha 1 m.
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2. CKOpOCTh JBMKEHHS TOYKH MEHSETCS 10 3aKOHy Vv = 4f — £, Te Vv — CKOPOCTh, M/C; [ —
BpeMsi, C. BBIYMCIUTH: MyTh, NPOWJICHHBIM TOYKOM 3a MepBbIE 3 CEKYHIbl BUXKEHUS; IYyTh,
MPOMJAEHHBIA TOYKOM OT Hayaja JABUKEHHUS 10 €€ OCTAHOBKH.

3. Haiitu miomanes GUrypsl, orpaHu4eHHON JIMHUSIMH:
) y=x*-2x+3, y=x13
2) y¥=x y=1x=8
3) X=VvYy ,y=1,y =4, ocsto opauHaT
Y= < X
4. Haiitu o0beM Telna, MOJTyYEHHOTO OT BPAIllEHUs KPUBOU 4 BOKpyT ocu Oy B
npenenax ory=1mpo0y=>35

ITopsinok npoBeaeHuUs 3aHATHA:
1. Tlomy4yuts nomyck kK pabote
2. BbInoaHUTH 33aHUA
3. OTBETUTH HA KOHTPOJIbHBIE BOIIPOCHI.

Coaep:xanue oTyera:
1. HammeHOBaHMe, 11€JIb 3aHATH, 3aJaHNUE;
2. BrInonneHHoe 3a1aHueE;
3. OTtBeThl Ha KOHTPOJIBHBIE BOIIPOCHI.

KouTpoJjibHbIe BOPOCHI /1JIs1 3a4eTa:
1. Kak HaiiTM momager KpPUBOJUMHEWHOW Tpanenuu? MOoXeT U OHa TOJMYYHUThCS
OTpULIATENIbHO, paBHOW HYJIIO U TOUeMy?
2. B ueM 3akiroyaeTcs TeOMETPUUYCCKUN CMBICH ONPEACICHHOTO HHTerpaia?
3. B dgem 3akimouaeTcs GU3NICCKUI CMBICI ONPEICIICHHOTO HHTErpasa?

HHPUJIOKEHHUE

Boruuciienne miomajei nIocKux GUIyp ¢ NoMoIIbI0 oNpeaeIeHHOr0 HHTerpaJa

C nomo1po ONpeAeIeHHOT0 HHTErpaja MOYKHO BBIYMCIATH IUIOINAAM TUIOCKUX (QUTYp, Tak
KaK 3Ta 3a7ja4a BCET1a CBOAUTCS K BBIYMCIICHUIO TUIOIIAEH KPUBOIMHENHBIX TPAECIU.

[Tnomanp Beskoil GUTyphl B MPSIMOYTOJIBHON CUCTEME KOOPJMHAT MOKET OBITh COCTaBJIECHA
U3 IIoUIaiel KpUBOJIIMHENHBIX Tpanenui, npuieraromux Kk ocu Ox uiu k ocu Oy.

3amaun Ha BBIYMCIICHUE IUIOIIAZEeH MIOocKMX (uryp yaoOHO pemaTh MO CIeAYIOIEeMY
IUIaHYy:

1. Tlo ycioButo 3aauu cenaTh CXeMaTHYEeCKUN depTex

2. llpeacraBuTh UCKOMYIO TUIOMIA/Ib KaK CYMMY HJIM Pa3HOCTD IIOMNIAI€H KPUBOIMHEHHBIX
Tpanenuii. M3 ycnoBus 3ajauu M 4yepTeka ONpelessaioT Hpeesbl MHTETPUPOBAHUS JUIS KaXKAOH
COCTAaBJIAIOIIEH KPUBOJIMHENHOMN TPAIlCLUH.

3. 3anuchIBarOT KaXAylo (QYHKLHUIO B BUaE ¥ = f(x).

4. BbIYMCIAIOT IUIOIIAAM KaXKJOW KPUBOJMHEHHOW Tpamenmuu U IUIoU[aJb HCKOMOM
burypsl.

PaccMoTpruM HECKOIBKO BapHAHTOB PACIIONOXKEHHS (HUTYD.

1) ITyctb Ha oTpeske [a; b] dyHKuUMA f(x) TpUHUMaeT HEOTpHUIATeIbHbIC 3HaUeHus. Torma
rpaduk GyHKIHHU y = f{x) pacmonoxeH HaJ ockio OX.

b
f f(x)dx
[Tnomans Takoil Gurypsl Beruncisercs no popmyie: S = a
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2) IlycTb Ha oTpeske [a, b] HemonmoxuTenbHas HenpepbiBHas GyHKIHA f(x). Torma rpadux
byHKIMH y = f(X) pacrosoxeH moa ockto Ox:

b
f f(x)dx
[Tnomanp Takoi GUTypbl BEIYUCIIETCS 1O opmye: S =- a
3) @urypa orpaHuyeHa AByMsl HEPEPHIBHBIMU KPUBBIMU ) = f(x) U y = g(x), mpuiem

flx) > g(x) na orpeske [a, b].

b
J(F(x)-g(x))dx
[Tnomanp Takoi GUTypbI BEIYUCISIETCS 10 Gopmyie: S = ¢
4) Ilyctb Ha oTpe3ke [a; b] dbyHKUMS f(X) TpPUHUMAET KaK IOJOXKHUTEIbHBIC, TaK W
oTpullaTeNbHble 3HaYeHUs. Torma oTpe3ok [a,; b] Hy>KHO pa3OUTh Ha TaKU€ YacTH, B KaXJIOW W3
KOTOpBIX (YHKIMS HE W3MEHSET 3HaK, 3aTeM IO MPHUBEACHHBIM BbIlIe (OPMYyJIaM BBIYHCIUTH
COOTBETCTBYIOIIME STUM YaCTSM IUIOMIAANA U HAWACHHBIC TUIOIIAAN CIOKHUTh.

[pumep 1. Beraucauts miomans GUrypsl, orpaHUYeHHON TMHUAMHE: 1 =9x, x=16, x=25, y=0.

¥
m Jlns mo6oro 3Hauenns X € [16,25] dynxmma Y :@

MNPUHUMACT IOJOXUTCIBbHBIC 3HAYCHUSA, [TO3TOMY IJIOIAAb

25
f@dx

e 3aaHHON (Urypsl HaxoauTcs o popmyse: S = 16 =
0 Is 25 g X3 e — e
3= —[2=2xVx|2
3/2 =2(125-64) = 122 (kB.ex1.)
Boruuciienue 00bema Tesia BpaleHust

}f‘? =ax

PaccmoTpuM KpuBylo, 3aJaHHYIO YpaBHEHHEM ) = f(x).
[Tpenmonoxxum, 9to (GyHKIUS f(x) HempepblBHA Ha OTpe3ke [a, b]. Eciu COOTBETCTBYIONIYIO i
KPUBOJIMHEHHYIO Tparenuio ¢ OCHOBaHUSAMH @ W b Bpamarh BOKpYr ocu Ox, TO MOJyYUM TaK
Ha3bIBAEMOE M0 épaujenus, o0beM KOTOPOTO MOXKET OBbITh JIETKO HaiiieH 1o popmyie:

b
V:nffz(x)dx

AnanornyHo, oObeM Tena BpallleHus BOKpyr ocu Oy KpHUBOJUHEHHOW Tpamenuw,

OrPaHUYEHHON HETPEPHIBHOM KpUBOH X = ¢( Y], ocbro opauHaT ¥ ABYyMsI IPAMBIMA y = ¢, ¥ = d (¢
< d), HaxoauTcs o popmyiie:

d
v=n [ ¢*(y)dy

[Ipumep 2. Haiitu 06beM Temma, 00pa3oBaHHOTO BpallleHHEeM BOKPYT ocu Ox (Urypsl, OTHON
MOJTYBOJTHOM CHHYCOUBI ¥ = Sin X U IpsiMbIMU X = 0, x = 7.

Pewenue. Tlpumensst nepByro GpOpMyITy JUIs BBIYKCICHHUS 00beMa, IOy YUM:
2
T = .
dx=— n : —¢
2 0" 2

Ipumep 3. Brerancauts 06beM Tea, 00pa3oBaHHOTO BpalieHHeM BOKpYr ocu Oy Qurypsl,

x—lsin2x 2,|
2

m m
V:nfsinzxdx:f 1-cos2x
0 0

OTPaHUYEHHOU JINHUSAMMU: X= \/y ,y=1,y=4.

Pewenue. ITpumeHuM BTOpYIO GOPMYITY sl BRIYMCICHUS 00beMa.
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4
V= nf\/y dy=m-~— I4.1 (16—1|= %né
1

Hpnnomemm olnpeeeHHOI0 HHTerpajia K pelieHn 0 (pu3n4ecKnx 3a1a4

Cxema mpUMEHEHHUsl ONPENETICHHOIO MHTErpana sl BBIYACICHHUSI HEKOTOPOW BEJIWYMHBI U
takoBa. CHavasia Hy’KHO BBIPa3UTh HEKOTOPYIO NEPEMEHHYIO YaCTh BEJIMUYUHBI ¥ B BUJE (PYHKIHUU
u(x) OTHOTO U3 €€ MapaMeTpoB, KOTOPBIH M3MEHSAETCS B U3BECTHOM U3 YCJIOBUS 33Jaul MHTEpBaje

a<x=<b 3arem CllelyeT pacCMOTPEeTh NpupalieHne Ay BeIMYHUHBI 1(X), OTBEYAIOIee U3MEHEHUIO
X Ha MAJIyI0 BEJTMUUHY AX, U TIOCTapaThcs HAWTH Uil Au MpUOIMKEHHOE BhIpakeHue Buaa flx) Ax
TaK, YTOObI OHO OTIMYAIOCh OT Au JUIIb Ha OECKOHEYHO Maiylo BeauuuHy. [Ipu sTom ciemyer
MI0JIb30BATHCSl BCEMU BO3MOXHBIMH JIOMYIICHUSMH, KOTOPhIE B UTOT€ CBOJAATCS K OTOPACHIBAaHHIO
0ECKOHEYHO MaJIbIX BEIMYMH. MIckoMas BeTMUMHA U ONIPEeNIAeTCsl MHTETPUPOBAHUEM.

b

u:ff(x dx

3agaya 0 HaXO0KIAEHUHU NYTH, IPOIICHHOT0 TOYKOI
Ecmu v = f(tf) — ckopocTh NpPSIMOJIMHEHHO NBHXKYIIEHCS TOYKM B MOMEHT BPEMEHH f, TO
nepeMenieHue TOUKH 3a MPOMEKYTOK BpeMeHHU [a, b] paBHO:

S:}f(t)dt

Ipumep 4. CkOpoCTh IBUKECHUS Tella B MOMEHT BPEMEHH ¢ 3amaetcs Gopmynoii v = 15 — 3¢,
r7e 0 — CKOPOCTh, M/C; t — Bpemsl, ¢. Kakoil myTh MpoiieT Tero OT Hadajia OTCYeTa BPEMEHH JI0
OCTaHOBKHU?

Pewenue. Tak kak B MOMEHT OCTaHOBKH Te€Jla CKOPOCTh €ro paBHa 0, TO Hy»KHO OIPEEINUTh
MyTb, IPONJACHHBIN TEIOM OT MOMeHTa BpeMeHu ¢ = 0 10 /, = 5 c. [loncraBuB B popmyity, Hoayuyum
5

2 .
s={ (15-3t)di= 15—% z,|8:37,5<;
0

| M,

3agaya 0 Hax0KAeHHHU PadOThI IEPEeMEHHOH CHJIbI
Ecnu nepemennas cuna F(x) aeiictByer B HanpasieHUH ocu Ox, TO paboTa CHIIbI Ha OTPE3Ke
[a,; b] paBHA

A:fF(x dx

Ipumep 5. Kakyto paboTy HyXHO 3aTpaTUTh, YTOOBI PaCTSHYTh NPYXHHY Ha 6 CM, €CiH
cuna 1 H pactarusaet ee Ha 1 m?

Pewenue. Cornacno 3akony ['yka cuia F, pactaruparomiasi npy>kuHy Ha x, paBHa F(x) = kx,
riae k — koadduruenT nponopuronaasHocTH. [lomaras x = 0,01m u F(x) = 1 H, momyuum k£ = 100 u,

cnenoBatensHO, F(x) = 100x. [TogcraBum 3HaueHUs: B GOPMYITYy ¥ HalJIEeM HCKOMYIO paboTy:
0,06

A= f100xdx 50.2/0 00 =0, 18
‘ JIx.

Ilpakmuueckoe 3anamue 12

Buviuucnenue eepoamuocmeit caiyuainslx coovimuil
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Leas paGoTbl: BHIYHMCICHUE BEPOATHOCTEH COOBITHI MO KiIaccH4ecKoi (opmysie orpeneneHus
BEPOATHOCTH, PAa3BUTHE CAMOCTOSTENHOM MBICIUTEIBHON JESTENbHOCTH, BBIYUCIUTEIBHBIX
HaBBIKOB, TBOPYECKOT'O MBIIIICHHUS 00yUJaIOMIMXCSL.

IloaroroBka k padote: IloBropuTh TeopeTnueckuii Marepuan 1o Teme «CoOBITHS.
BeposiTHOCT COOBITHS.
3ajgaHue HA 3aHATHE:

BAPUAHT 1
1. B smuke umeetcst 15 neraneit, cpean kotopsix 10 okparmeHHbix. COOPIIMK Hay1auy W3BJIEKaeT 3
netanu. Hailtu BEposSITHOCTB TOTO, UTO U3BJICUEHHBIE JETAIN OKAKYTCSI OKPAIIEHHBIMH.
2. B nexe pa6oraror 10 myxuuH u 5 xeHuuH. [lo TaGenbHBIM HOMepaM HayJady OTOOpaHbl 7
yenoBeK. HaifiTu BEpOSTHOCTH TOTO, UTO CPEeH OTOOPAHHBIX JIMIl OKAKYTCS 3 JKEHIIHHBI.
3. B ypae 10 Genbix u 5 yepHbIX mapoB. CKOIBKUMH CITOCOOAMH MOXXHO HayTaJ BBIHYTH 3 IIapa,
4TOO0BI 2 11apa OKa3aauch OelbIMU, a OAMH YEPHBIM?
4. OTtnen TEXHUYECKOTO KOHTPOJS OOHapykui 15 OpakoBaHHBIX Jamm B MAapTHUH U3 CIy4ailHO
otoOpanHbIX 200 namn. HaliTu OTHOCUTENBHYIO YAaCTOTY MOSBICHUS OpaKOBaHHBIX JIAMII.
5. Ilpu wucnbITaHMM TAPTUU MPUOOPOB OTHOCHUTENBHAS YAcTOTa TOJIHBIX MPUOOPOB OKa3ajach
paBHoii 0,8. HalTH YKCII0 TOIHBIX IPUOOPOB, €CIN BCero ObL1o nposepeHo 250 npubopos.

BAPUAHT 2
1. B ypue umeetcs 20 mapoB, cpeau KOTOpbix 12 kpacHoro 1BeTa. VM3 ypHbI HayJady U3BIEKAIOT 5
mapoB. HaliTu BeposSITHOCTB TOTO, YTO U3BJICUCHHBIC IIAPHI HE KPACHBIE.
2. B maptum u3 15 nmeraneét mmeercs 3 craHmapTHeIX. Haymady oroOpanbl 4 nmeranu. Haiitu
BEPOSITHOCTH TOTO, YTO CPEIM OTOOPAaHHBIX JeTajeil pOBHO 2 CTaHAapPTHBIX.
3. B rpynme 20 ronomrei u 10 nepymek. CKOJIBKUMHU CIIOCOOAMU MOYKHO M30paTh TpeX FOHOIIEH U
JIBYX JIE€BYILIEK Ul y4acTus B CII€TE CTYJEHTOB?
4. Tlo uenu mnpousBeneHo 40 BBICTpENIOB, MpUYEM 3aperucTpupoBaHo 37 mnomnagaHuid. Haiitu
OTHOCHUTEJIbHYIO 4aCTOTY IIPOMaxoB.
5. Ilpu ucmBITAaHUM MApPTHH TEJIEBU30POB OTHOCUTENbHAS YacTOTa OpaKOBaHHBIX TEJIEBU30POB
okazayiach paBHou (,15. HaAWTH YMCIIO KAYECTBEHHBIX TEJIEBU30pPOB, eciii Obuto mpoBepeHo 400
TEJIEBU30POB.

BAPUAHT 3
1. B smmke 100 nmeraneit, m3 Hux 18 OpakoBanHbIXx. Haynmauy wusBieuenni4 neranu. Haiitu
BEPOATHOCTb TOTO, UTO CPE/IN U3BIICUEHHBIX JeTallell HET OpaKOBaHHbIX.
2. Ha cknane umeetcs 25 KHHECKOMOB, TpuyeM 15 U3 HUX U3roToBjiIeHbl MUHCKUM 3aBoioM. Haiitu
BEPOSITHOCTh TOT'O, UYTO CPEAM B3ATHIX Hay/ayy KUHECKOIOB OKaxyTcs 4 KuHeckorna MHHCKOTO
3aBoJa.
3. B ypHe 10 Genbix u 5 yepHbix mapoB. CKOIbKUMEU crocoO0aMu MOYKHO Hayraj BbIHYTH 3 1iapa,
4YTOOBI OJIMH IIap OKa3aycs OeNbIMU, a JBa YSPHBIM?
4. Ilo nemu npousseneHo 30 BBICTPENIOB, MPUYEM 3aperucTpupoBaHo 28 mnomananuil. Haiitu
OTHOCHUTEIIbHYIO YaCTOTYy MOMAaJaHHi B LIETb.
5. Ilpu mpoBepke KauecTBa 3JEKTPUUYECKHMX JIAMIIOUEK OKa3ajoCh, YTO OTHOCUTENIbHAs 4acToTa
OpakoBaHHBIX Jammnouek paBHa 0,2. HaliTu 4mClIO KaueCTBEHHBIX AJIEKTPUUYECKUX JAMIIOYEK, eCIH
Bcero Obu10 mpoBepeHo 600 rammnouexk.

BAPUAHT 4
1. YerpoiictBo cocTouT U3 15 3nemMeHToB, U3 KOTOpbIX 4 n3HomIeHsl. [Ipyu BKItoueHnH ycTpoiicTBa
BKJIIOYAIOTCS CIIy4aliHBIM 00pazoMm 3 snmeMeHTa. HallTH BepOSTHOCTH TOTrO, YTO BKIIIOUEHHBIMU
OKa)KyTCSl HEU3HOILIEHHBIE AJIEMEHTHI.
2. B rpynme 28 cTyaeHTOB, cpead KOTOpPhIX 6 oTimuHuUKOB. Ilo crmmcky Haymady oToOpaHbl 9
CTyneHTOB. HaliTu BEpOsSITHOCTH TOTO, YTO CPEN OTOOPAHHBIX CTYJEHTOB 4 OTIIMYHUKA.
3. B maptun u3 12 neraneii umeercst 7 ctaHAapTHBHIX. HaliTH BEpOSATHOCTH TOTO, UTO CPEAM IIECTH
B3SITBIX HAyTaJl JeTayiel 4 - CTaHIapTHBIE.
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4. OTzen TEXHUYECKOTO KOHTPOJIA OOHapyXuil 25 OpakoBaHHBIX J€Tajed B MAapTUU U3 CIy4ailHO
otoOpanHbix 300 geraneil. HalTH OTHOCUTEIBHYIO YaCTOTY TOSIBJICHUS CTAaHAAPTHBIX JIeTajeH.

5. Ilpu npoBepke y4eOHUKOB OTHOCUTEIbHAS YaCTOTAa KAYeCTBEHHBIX YUCOHUKOB OKa3aJlach paBHOU
0,85. HaiiTk yncI0 OpaKOBaHHBIX KHUT, €CJIM Bcero Obu1o mpoBepeHo 400 yueOHUKOB.

IHopsinok npoBeeHUs 3aHATHSA:
1. Tlomy4uuts momyck K paboTe
2. BouIIOaHUTE 3aMaHAS
3. OTBETUTH HA KOHTPOJIbHBIE BOIIPOCHI.

Conep:xanue oTyera:
4. HamMmenoBaHUe, IIEIb 3aHATHS, 3aJaHNC;
5. BrImojHEHHOE 3aJaHHE;
6. OTBeTHI HA KOHTPOJIBHBIE BOMPOCHI.

KoHTpoJibHBbIe BONPOCHI 15 3a4eTa:

Kakoe coObITHE Ha3bIBAIOT JOCTOBEPHBIM?

Kakoe coObITHe Ha3bIBalOT HEBO3ZMOXKHBIM?

[aiiTe onpenenaeHne IPOTUBOIIOIOKHBIX COOBITHH.

Cdhopmynupyiite K1accudeckoe onpesiesieHue BEpOSTHOCTH.

Uemy paBHA BEpOSTHOCTH JOCTOBEPHOTO COOBITHS?

Yemy paBHA BEpOSTHOCTb HEBO3MOXHOI'O COOBITHS?

Kakum HepaBeHCTBaM yJOBJIETBOPSET BEPOATHOCTD JHOOOT0 COOBITHS?
Yo Ha3bIBAECTCS OTHOCUTENHLHON YaCTOTON COOBITHS?

NN R L=

IMPHJIO)KEHUE

BeposTHOCThIO ~ COOBITHSI Ha3bIBACTCS OTHOIICHHE YHUCIA DIIEMEHTApPHBIX HCXOJIOB,
6JIaFOHpI/I$ITCTBYIOHII/IX AaHHOMY COOBITHIO K YUCIy BCCX PaBHOBO3MOXHBIX J3JICMCHTAPHBIX
HCXOJIOB OTIBITA.

BeposTHOCTh coObITHS A 00603HauatoT uyepes P(A). Ecim uepes m 06GO3HAYUTh YHCIO
DJIEMEHTAPHBIX HWCXOJOB, OJArOMPHUITCTBYIONIUX COOBITHIO A a dYepe3 n- YHCIO BCEX
PaBHOBO3MOXHBIX JIEMEHTAPHBIX UCXOJIOB OMBITA, 00PA3YIOIMX MOJTHYIO TPYIIY COOBITHIA, TO

P(A]:% 0<m<ni

CaoiicTBa:
1 0<P(A)<1
2 P|A|=1 nocroBepHoe cOOBITHE
3 P|A]=0 HeBo3MoXHOE COOBITHE

Ilpakmuueckoe 3anamue 13
Ananu3s, oopabomka u zpaguueckoe npedocmasgieHue OAHHbIX

dbopMuUpOBaHWE YMEHHH ¥ HABBIKOB TIPHU BBIYHCICHUU

He.m; paﬁon: MaTeMaTHu4ICCKOIro

OKMJaHUs U JUCIIEPCUU CIIyYallHOW BEJIMYMHBI, CPEAHETO KBaAPATUYHOTO OTKJIOHECHHUS.
IToaroroBka k padore: [loBTOpuTh TEOpETHUECKUI MaTepual 110 TeMe «CilydaiiHble BEIMYUHBIY.
3aganue Ha 3aHATHE:

1 BapuanT
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1) V3BecTHBI MaTeMaTHYECKHE OXKHIAHUS ABYX CIy4alHbIX BenuuuH Xu Y:M {X ]23 M [Y]ZZ.
Haiitn Matematrueckoe oxuaanue Beanunnnl Z=2(X+3Y|[2X -Y].

2) 3aKoH paclpeaenacHus cydyaiiHOW BEITUYMHbBI UIMEET BUJI:

X5 0 1 2

Po 0,0625 0,375 0,5625

Haiitn MaremaTnueckoe 0XKUAAHUE U TUCIIEPCUIO CITyYalHON BEJIMYMHBI.

3) B pesynbrare 10 usMepenwuii Beca Tena momydeHsl 3HaueHus: 15, 16, 15, 14, 16, 16, 16,
15,15, 13. OueHnTs MaTeMaTUYECKOE OKUIAHUE U JUCIIEPCUIO Beca Tella.

4) Haiitu MaTeMaTHYECKOE OXKUAAHHUE YKCIIa OUYKOB, BRIMAJAIONINX IPU OpOCAaHUH UTPATBLHOM

KOCTH.
5) HuckpeTHas ciydaiiHas BeauuuHa X MMeeT 3aKOH pacipeeseHHs
X0 0 1 2
Pa 0,3 0,5 0,2
Haiitu nucniepcuro U cpeaHee KBaIpaTUYHOE OTKIOHEHHUE CIIy4YalHOW BEJIMYUHBI.
2 BapuaHT

1) W3BecTHBl MaTeMaTHYeCKHE OXHUAAHUS JBYX HE3aBHUCHUMBIX BEIMYUH XU
M [X]:4 ,M[Y}ZS. HaiiTi MaTeMaTHYecKoe oxuaanne Bennauas Z=3(X+2Y )4 X Y.

2) Heo0xoammo OIIEHUTh MaTEeMaTHYECKOE OKHMJIAHKME W JHUCIIEPCHIO IO MOJTYYEHHON BBIOOPKE,

3aKOH paclpeeIeHUs] CIIyYalHOW BEJTMYMHBI UMEET BUJ:
X0 -0,04 0,06 0,03
Po 0,6 0,4 0,2
3) B pesynbrare usmepenus 3apsiia X HEKOTOPOTO Telia B cepuu U3 11 OMBITOB MOITy4YeHBI
CJICIYIOUIHNE PE3YIIbTATHI:
X0 7,28 7,30 7,31 7,33

pPo 2 4 3 2
Haiitu MmaTremaTndeckoe 0>XKHIaHUE U TUCTIEPCUIO CITyYailHOW BEJTMUMHBI.

4) HaiimuTe wMaTeMaTH4YeCKOE OXHIAHUE JUCKPETHOM CIyYailHOW BEJIMYMHBI, 3aKOH

pacmpeseneHus KOTOpoi 3a1aH Ta0auIei
Xo 3 4 5 6 7

Po 0,1 0,2 0,4 0,2 0,1
5) HaiiguTe nucnepcuro TUCKPETHON ClydyaiiHOM BeTUYUHBI X U €€ CpellHee KBaApaTUIHOE
OTKJIOHEHHE — YHCJIa OYKOB BBIMAJAIOIINX IPU MOI0pachIBAHUN UTPAIbHOM KOCTH.

Ipuiaoxkenue

MaremaTnueckas CTaTHUCTUKA — OTO pa3ledl MaTeMaTHKH, 3aHHMAarOIIUNCsS
pa3paboTKOi METOI0B cOOpa, 00paOOTKM M aHATM3a CTATUCTUYECKUX JAHHBIX VIS TIOTyYeHUS
HAay4YHbIX M IIPAKTUYECKUX BBIBOJOB. Teopus BEPOATHOCTEH SBISAETCA TEOPETUUYECKON
OCHOBOM JIJISl MATEMATHYECKON CTATUCTUKH.

[Iycth TpeOyeTcs HM3yYHuTh COBOKYIHOCTH OJIHOPOJHBIX OOBEKTOB OTHOCHTEIHHO
KaueCTBEHHOTO0 WJM KOJHMYECTBEHHOTO TMPHU3HAKA, XapaKTEPU3YIOMIETO JTH OOBEKTHI,
HaIpUMEp HEKOTOpOe TMPEANPHUATHE BBITYCKAeT IMApPTHIO OJMHAKOBBIX jerajieit. Ecim
KOHTPOJIMPYIOT IETAJIH IO pa3Mepy — 3TO KOJUYECTBEHHBIN MPU3HAK.

MOXHO MPOM3BOJUTH 3TOT KOHTPOJIb CILIOHIHBIM OOCJICIOBAHUEM, TO €CTh H3MEPSTh
KOKIbIH ©M3 OOBEKTOB COBOKYNMHOCTH. HO Ha TpakTHKe CIUIONIHOE OOCIeI0BaHue
MIPUMEHSIETCS PEJIIKO:

a) U3-3a2 0YeHb OOJIBIIIOrO YHCjIa 00BEKTOB;

0) U3-3a TOTO, YTO MHOTJa 00CIIEZIOBaHUE 3aKIIOYACTCS B (PU3HMUECKOM YHUUTOKEHHH,
HarpuMep, MPOBEPSEM B3PhIBAEMOCTh I'paHAT WJIM MPOBEPSEM Ha KPEMOCTh MPOHM3BEICHHYIO
MOCYY U T.II.
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B Takux ciydasix MpoOW3BOAUTCS CIYYaWHBIA OTOOP OTpaHUYEHHOTO (HEOOJBIIOTrO)
qrcia 00BEKTOB, KOTOPHIC U TIOJBEPTalOT N3yUCHUIO.

Buvibopounoit coeokynnocmoto (BHIOOPKOIH) HA3BIBACTCS COBOKYIHOCTH CIIYYailHO
O0TOOpaHHBIX OJTHOPOIHBIX OOBEKTOB.

I'enepansnoii  co60KynHOCHMbI0 HA3bIBACTCS COBOKYMHOCTH BCEX OJHOPOIHBIX
00BEKTOB, U3 KOTOPBIX MPOU3BOJUTCS BRIOOPKA.

O6vemom COBOKYITHOCTH (BHIOOPOYHOI MM T€HEPaIbHOW) HA3BIBAETCS YMCJI0
00BEKTOB ATOI COBOKYITHOCTH.

[Tpu HaGope BHIOOPKH MOKHO MOCTYTIATh JBOSIKO: TIOCJIE TOTO KaK OOBEKT OTOOpaH M
HaJl HUM TIPOU3BENICHO HAOIIOJICHHE, OH MOXET ObITh BO3BPAIICH JIMOO HE BO3BpAIICH B
TCHEPAITBHYIO COBOKYITHOCTB. B CBSI3M ¢ 3TUM BBIOOPKH TOAPA3ICISAIOTCS HA TIOBTOPHBIC U
OeCIOBTOpHBIE.

JIJist TOTO YTOOBI 1O TaHHBIM BBIOOPKH MOXHO OBLJIO IOCTATOYHO YBEPEHHO CYIHUTH 00
MHTEPECYIOIIeM Hac MPHU3HAKE T'CHEPATbHOW COBOKYITHOCTH, HEOOXOAMMO, YTOOBI OOBEKTHI
BBIOOPKHU TPABUIBHO €ro MPEJCTABIUIA. JTO TpeOOBaHWE KOPOTKO (OPMYIUPYETCS TaK:
BBIOOpPKA IOJKHA OBITh PEMPE3EHTATUBHON (TIPECTaBUTEIBHOM).

Cnocobvl ombopa 6b160pKuU.:
1. Or6op, He TpeOyrommMii pacdyJeHEeHHs] IeHePalbHOM COBOKYITHOCTH HAa YaCTH: a)
MPOCTOM CIy4YaiiHbIN OECIIOBTOPHBIH;
0) IPOCTOI CITy9JaifHBIN TTOBTOPHBIH.
2. Ot6op, mpu KOTOPOM Te€HEpalbHAs COBOKYITHOCTh Pa3OMBAETCs HA 4acTh (eciu
00BeM TeHepallbHO COBOKYTHOCTH CIIUIIKOM OOJIBIION):

a) Tunnyeckuit oToop. OOBEKTH OTOMPAIOTCS HE U3 BCEH reHepabHONH COBOKYITHOCTH,
a M3 ee «TUIMYHBIX» YacTeil. Hampumep, mex U3 TpUIIAaTH CTAHKOB TPOU3BOIMT OJHY U TY
xe neranb. Torma otbop jAenaercs MO OAHOM WM MO JABE JAETAJIM C KaXJOro CTaHKa B
CITyJaifHble MOMEHTHI BPEMEHH;

6) mexanuueckuit or6op. Hampumep, eciu HyxHO BbIOpaTh 5% nertanel, To
BBIOMPAIOT HE CIIy4aiHO, a KaKIYIO ABaJLATYIO AETalb;

B) cepHifHbIi 0TO0p. OOBEKTHI BEIOUPAIOT HE 110 OAHOMY, a CEPUSMHU.

Wtak, mycTh B COOTBETCTBHM C TE€OpHed OTOOpa W3 TeHEepPAIbHOW COBOKYIMHOCTH

3HAYEHUH HEKOTOPOIo KOJIMYECTBEHHOIO MPU3HaKa MpoMu3BeieHa BHIOOpKa oObema n:
e X =1{X1,X2,X3,..,Xq )

Xj (1= 1,..., n) - YUCIOBBIE 3HAYEHHsI, KOTOPBIE MOTYT OBbITh I10JI0KUTEIbHBIMH,

OTpULATCIIBHBIMHU, HCJIBIMU U JIpO6HI)IMPI.

Tabmauua 1.1
No 1 2 3 ... n
X X X X X
1 2 3 n

Tabmuma 1.1. Ha3bpIBae€TCA OPOCTBIM CTATHCTHYECKUM PSJIOM, SIBJISIOIIAMCS TEPBUYHOMN
dbopMoil mpeacTaBIeHUs] CTaTUCTUYECKOro Marepuana. HeoOXoauMo BBISICHUTH (C TOW WIH
WHOM CTENEeHHO JOCTOBEPHOCTH), KAKUM 3aKOHOMEPHOCTSM IMOAYMHSAIOTCS 3HAUCHUs Hailen
BbIOOPKU. C 3TOH ENBI0 TPOU3BOISTCS CIISAYIONINE TPeoOpa3oBaHus B BEIOOPKE.

X

min 1 X_ .., COOTBETCTBEHHO HAMMEHbIIEC M HamOOJbLIEE

3HayeHus BbIOOpKH. 3aTeM AaHHble Tabn. 1.1 pacnonaraiot B mopsiake

W3 pmamabix Ta0n. 1.1 Haxomsart
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Bo3pactanus. Torma BwIOOpka X = {Xl s X0, X3, X }, 3amMcaHHas B

B03paCTaHI/I$I,rII-I(Zlg§ﬁSI;.eeTCH BApUALIMOHHBIM PSJIOM, a €€ 3HAaUCHUS! —BapUaHTaMMU.
Paszmax BBIOOpKM — OTO JJUHA OCHOBHOTO WHTEpBaja [X min > Xmax >
B
KOTOPBIiA MOMaaloT BCE 3HAYEHUS BBIOOPKHU.
Brruucnsercs pazmax BBIOOPKU

crenyromum 06pasoM: d = Xpax — X min -

MaremaTH4eCKUM OKUJIAHUEM WM CPEIHHUM 3HAYEHUEM IJUCKPETHOM CIy4allHOM BEITUYMHBI
X € 3aKOHOM pacupeiesiCHus

X Xy X, X
P P P Dn

Ha3bIBAE€TCSA YHUCIIO
M[X]=x,p,+X,p,+..4X, D,

Jucniepcueit ciiydyailHOM BEJIMYMHBI HA3bIBAETCA MATEMATUYECKOE OKUIAHUE KBAJpaTa OTKIOHEHUS
CIIy4ailHOM BEJIMYMHBI OT €€ MaTeMaTUYECKOr0 OKUAAHUS.

D[ x|=M|(X —M|X | wm D[x|=M x|~ (M| x]
o [X }: VD [X } — cpeiHee KBaJpaTUYHOE OTKJIOHEHUE CITy4aiiHON BeIMYUHBI X .
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