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BBeaenue

[IpakTnyeckue 3aHATHSA CIyXKaT CBI3YIOIIMM 3BEHOM MEXIy TEOpHEH M NMpakTUKOM. OHHU
HEOOXOAMMBI JJI 3aKpEIIEHUs] TEOPEeTUYECKUX 3HAHUM, MOJYyYEHHBIX Ha ypOKaX TEOPETUUYECKOIro
o0yueHus, a Tak ke /Ui MOJIy4eHUs MPaKTUYeCKuX 3HaHu. [IpakTHueckue 3ajaHus BBITOJIHSAIOTCS
CTYJIEHTOM CaMOCTOSITENIBHO, C IPUMEHEHUEM 3HaHUM M YMEHMI, IIOJy4YEHHBIX HAa YPOKax, a TaK XkKe
C HCII0JIb30BaHHEM HEOOXOIUMBIX MOSICHEHUH, MOTy4YEeHHBIX OT MPENoAaBaTelsl MPH BBITOIHECHUN
NPAaKTHYECKOro 3aaaHus. K mpakTHuecKoMy 3aHATHIO OT CTyJEHTa TpeOyeTcs NpenBapUTebHas
MIOArOTOBKA, KOTOPYK OH JOJDKEH MpOBECTH Iepen 3aHsATHeM. CIHMCOK JIMTepaTypbl U BOIPOCHI,
HEOOXOAMMbIE TMpPH TIOATOTOBKE, CTYAEHT TMOJIy4yaeT Iepe] 3aHSITHEeM U3 METOIUYECKHX
pEKOMEHJalui K PAaKTUYECKOMY 3aHSTHIO.

[TpakTueckue 3agaHusi pa3paboTaHbl B COOTBETCTBMM C ydeOHOW mporpammoi. B
3aBUCUMOCTH OT COJAEpXKaHUA OHM MOTYT BBINOJIHATHECA CTYACHTAMH WHIWBHUAYAJIbHO WIH
(pOHTAJILHO.
3auer MO KaxIOM IpakTUYeCKOoW paboTe CTYINEHT MoilydaeT Iocje €€ BBIIOJHEHUs H
IPeIOCTAaBICHUS B MEYaTHOM WJIM 3JIEKTPOHHOM BHJE, OQOPMIIEHHUS OTUETa B KOTOPOM yKa3bIBaeT
HOJTy4YEHHbIE 3HAHUS M YMEHHs B XOJ€ BBIIOJIHEHUS IMPAKTUYECKOH paboThl, a TaKKe OTBETOB Ha

BOIPOCHI IIPEN0IaBaATENs], €CJIM TAKOBbIE BOSHUKHYT IIPU IPOBEPKE BHIITOJHEHHOIO 3aJaHUs .

JlunakTuueckass 1Lelb OpakTUYecKux paboT - QopMmupoBanme y oO0ydarommxcs
npo(eCCHOHANbHBIX YMEHUH, a TaKKe MPAKTUYECKUX YMEHHH, HEOOXOAUMBIX N H3y4eHHUS
HOCTENYIOUMX Y4eOHBIX AMCHMIUIMH, a TaKKe IOATNOTOBKA K HPUMEHEHUIO 3TUX YMEHUN B
npodeccuoHaNbHOM AEeSITEIbHOCTH.

Tak, Ha mnpakTUYECKUX 3aHATHSAX MO AUCHUIUIMHE MareMaTHuecKHe METOJbl pelleHus
NPUKIAIHBIX TPOo(decCHOHANBHBIX 33au y oOydaromuxcs GopMUpyeTcs yMEHUE pemiath 3a7adu,
KOTOpOE B JaJbHEHUIIIEM TOJDKHO OBITh MCIIOIB30BAHO AJISL PELICHHs MPO(ECCHOHANBHBIX 33/1a4 110
CHelraIbHbIM I CLUILTHHAM.

B xoxe mnpaktuyeckux pabor oOydaromuyecs OBJIAJICBAIOT YMEHUSMH IOJb30BaThCS
MH(GOPMAIIMOHHBIMY UCTOYHUKAMH, pad0TaTh C HOPMATUBHBIMU TOKYMEHTAMU M UHCTPYKTHBHBIMU
MaTepualiaMiy, CIpPaBOYHMKAMH, BBIIOIHATh YEPTEXKH, CXEMbl, TaOJIMIbI, pelaTh Pa3HOro pojaa
3aJa4, AeJaTh BHIYMCICHUS.

3ajaun, KOTOpbIE pEIIAlOTCid B XOAE€ IMPAKTUYECKMX 3aHATUH 1O  JUCLUILIMHE
MatemaTtuyeckue METObI PELIEHUS MPUKIAIHBIX MPOPECCUOHAIbHBIX 3a/1a4 .

1) pacmmpenue U 3aKperieHue TEOPEeTHUECKUX 3HAHUM 110 MaTeMaTuKe, MOJyYeHHBIX B XO0/1€
JIEKLUOHHBIX 3aHATUH;

2) dopMupoBaHue y OOy4arOUMXCSd MPAaKTHUECKUX YMEHUH M HABBIKOB, HEOOXOIMMBIX IS
YCIIENIHOI'O peuIeHus 3a1a4 10 MaTeMaTUKE;

3) pa3ButHe y OOydYaromuMxcsi MOTPEOHOCTH B €aMOOOPa30BAaHUM U COBEPIICHCTBOBAHUU
3HAaHUU U YMEHUH B IIPOLIECCE U3YYECHUSI MATEMATUKH;

4) ¢dbopMupoBaHHE TBOPYECKOIO OTHOLIEHMSI M MCCIIEAOBATEILCKOrO IO/AXO0Ja B Ipolecce
U3Y4YEHHS] MaTEMaTUKU;

5) dhopmupoBanue npodeccuoHaNbHO-3HAYMMBIX Ka4eCTB OyAYIIEro CIelnalucTa U HaBbIKOB
MIPHJIOKCHHS TIOJIYYCHHBIX 3HAHUH B podeccuoHanbHOU chepe.

Kpurepun onenku:

OTBeT OIleHUBaeTCI OTMETKOM «5», €CIu:

paboTa BBIIOJHEHA TOJIHOCTHIO;

B JIOTHYECKUX PACCYKICHUAX U 000CHOBAHUU PEIICHUS HET MPOOEIOB U OLINOOK;

B PELICHWHM HET MAaTeMaTHYECKHUX OIMMOOK (BO3MOXHBI HEKOTOPbIE€ HETOUYHOCTH, OMHUCKH,
KOTOpAasi He ABISICTCA CIIEACTBUEM HE3HAHUS MJIM HEOHUMAaHUs yueOHOro MaTepuana).

OtmeTka «4» CTaBUTCA B CIEAYIOLIMX CIydasx:

paboTa BBHINOJHEHA IMOJHOCTHIO, HO OOOCHOBAHHUS IIArOB pEIIeHUs HEIOCTATOYHBI (eciu
yMeHHE 000CHOBBIBATh PACCyKIEHHS HE SBIISIIOCH CIEIUATbHBIM 00bEKTOM MPOBEPKH);
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JIOMyIIIEHbl O/IHA OIIMOKA, UM €CTh JBa — TPU HEAOYETAa B BHIKIAAKAX, PUCYHKAX, YePTEKax
i rpadukax (ecau 3T BUIbI pabOT HE ABISIIUCH CHEIHAIBHBIM 00bEKTOM MPOBEPKH).

OTMeTKa «3%» CTaBUTCS, €CIIH:

JOMyIIeHo He Oojee AByX OIMMOOK Wi 0OoJjiee JBYX — TpPEeX HEIOYETOB B BBIKIAJIKAX,
yepTexax wim rpadukax, Ho 00ydarmumiics o0nanaer 00s3aTeIbHBIMI YMEHUSIMH T10 IIPOBEPSEMO
TEME.

OtMeTKka «2» CTaBUTCS, €CIIHU:

JIOMyIIEHbl CYIIECTBEHHBIE OMMOKH, IMOKa3aBIIMe, 4YTO oOydaromuiics He oOnamaer
00s13aTeTbHBIMU YMEHHUSMU 110 JAHHOW TEME B MOJHON Mepe.

[IpenomaBaTtens MOXET MOBBICUTH OTMETKY 3a OpPUTHHAJBHBIM OTBET Ha BONPOC HIIH
OpUTHHAIBHOE pEIICHHE 3a7a4H, KOTOPBIE CBUJIETECILCTBYIOT O BBICOKOM MaTEMAaTHYECKOM
pPa3BUTHH 00YyYaIOIIErocs; 3a pelIieHre OoJiee CIOKHOW 3aJayd WJIM OTBET Ha 0oJiee CIIOKHBIN
BOIIPOC, MPEJI0KEHHBIE OOY4YarOMIEMyCsl JIOMOJHUTEIBHO I0CIE BBIMOJHEHUS UM KaKUX-JIMOO
JApYTUX 3aJaHUH.



IIpakTnuyeckoe 3ansitue Nel
Jeiicmeusn nao mampuyamu

Ieas padorbl: HayunThCs BBINOMHATD IEHCTBUS C MATPULIAMH.
IToaroroBka k padore: [IoBTOpUTH TEOPETUUECKUI MaTepHal 11O Teme «MaTpuub».
3agaHde Ha 3aHATHE:

-2 -5 7 -3 8 4 .

1. Jlanbl MmaTpunbl A = 3 1 0) uB :( 4 0 5}. Haiitu matpunry C =5A —2B.
5 1 j (2 Oj . T

2. Jlanbl MaTpuiel 4 = uB= . Haiitu matpunry C = A" B
2 -3 01
0 -1 2

3. Jlanbl MaTpunbl A = 2 ; i [2 1 |. Haittu matpuny C = A-B.
3 7 1
1 21 4 1 1

4. JlaupiMatpuubl A=2 1 2|u B=|4 2 O0]|.Haiitu matpunry C = A‘B — B-A.
1 2 3 1 21
1 2 1 4 1 1

5. Jausimatpuusl A={2 1 2|u B=|4 2 0)|.Haiitu matpuny C = 3A? — 2B?
1 2 3 1 21

IMopsinok npoBeaeHNs 3AHATHS:
1. Tlomyuuts nomyck K pabore
2. BroimomHuTs 3amaHus
3. OTBeTUTH HA KOHTPOJBHBIC BOMPOCHI.

Coaep:xanue oTyera:
1. HawmmeHoBaHWMe, LI€NIb 3aHIATHS, 3a1aHUC;
2. BrimonHeHHoe 3aqaHueE;
3. OTBeThl HA KOHTPOJIBHBIE BOIPOCHI.

KoHTpoJ/ibHBIE BONIPOCHI /I 3a4eTa:

Urto Ha3bIBaeTCS MaTpULICi?

Uro Ha3pIBaeTCsl CyMMOM MaTpuIl?

Yro Ha3bIBaeTCA NPOU3BEACHUEM MATPULIBI HA YACIIO?

Kaxkas maTpu1ia Ha3bIBa€TCs TPAHCIIOHUPOBAHHOM K MaTpuue A?

Kax HaliTn npousBenenue 1Byx MaTpuil?

B yem cocrout 00s13aTenbHOE YCIOBHE CYILIECTBOBAHUS MPOU3BEIEHUS MaTpULL?

ook wbdE

MNPUJIOXKEHUE

Mampuueii pa3zmepa MxN, rae M- YUCIO CTPOK, N- YKCJIO CTOJOIOB, Ha3bIBACTCS TaOIIHIIA
YHUCCJI, PACIIOJIOXKCHHBIX B OIIPCACICHHOM ITOPAAKE. OTH 4HCIIa Ha3bIBAIOTCA DJIEMEHTAMU MaTpHUIIbI.
MecTo KaXIoro 5JIEMEHTa OJHO3HAYHO OIPEIEIAEeTCS HOMEPOM CTPOKH M CTONONa, Ha
IepeceyeHNN KOTOPBIX OH HAaXOAUTCSA. DJIEMEHTHl MaTpUIbl 00O03HAdYalOTCs &jj, TAe i- HOMep
CTPOKH, a J- HOMEp CTOJIOI1a.



Tpancnonupogannoit x matpune A Ha3bIBaeTCd MaTpULIA AT, y KOTOpOH CTPOKM U
CTOJIOIBI MEHSIOTCSI MECTAMH.

1 0 3 1 2 1
Hampumep, A= |2 4 1|, AT=|0 4 —4|;
1 -4 2 31 2

JelicTBus ¢ MATpULIAMU
1) Vmnoorwcenue mampuyer na yucao. J{ns Toro 4To0bl YMHOXKHUTH MAaTPUILy A = (aij) Ha YUCIIO0

A, Hy)HO Ka)X/IbIi DJIEMEHT MaTpHLIbl A YMHOXHTb Ha 3TO YHCI0: AA = (ﬂaij )

2) Croocenue mampuy. CKIaabpIBaTh MOXKHO TOJBKO MAaTPHIIBI C OMHAKOBBIM YHCIOM CTPOK H
CTOJIOLIOB, T.€. MATPHULIBI OAMHAKOBBIX pa3mMepoB. CymMMmoil maTpuly A = (aij) uB= (bij) Ha3bIBaeTCs

MaTpuia C= (Cij ), 3JICMCHTBI KOTOpOfI paBHbBI CyMMaM COOTBETCTBYIOIIUX 3JICMCHTOB MAaTpPHUIL] A

u B, e C;j = a; +by; s MoOBIX HHAEKCOB |, .

1 2 3 1 3 4
[pumep. Jaubr matpunet A= |2 1 4[;B=|5 7 8|, naiitu 2A + B.
3 23 1 2 4
2 4 6 3 7 10
2A=14 2 8|, 2A+B=19 9 16].
6 4 6 7 6 10

3) Vmnoowcenue mampuy. IlpousBeaeHne MaTPUILbI A na MaTpuIly B (o6o3Hayaercs AB)
ONPEEICHO TOJBKO B TOM CJydae, KOrja 4HCIO CTOJIOIOB MAaTPHUIIBI A paBHO YHUCIY CTPOK
MaTpUIIbI B.B pesyibrate ymHoxenus monyuanm matpuny C = AB y koropoit cromsko xe

CTPOK, CKOJIbKO UX B MaTpHUILIC A, U CTOJIBKO XK€ CTOJI6I_IOB, CKOJIBKO UX B MaTPULIC B .
1

[Mpumep. Haiitu mpon3senenue matpuii A= | 4 | u B = (2 4 l).
3

-2 1-4 1-1 2 4 1

4-2 4-4 4-1|=|8 16 4.

3-2 34 3-1 6 12 3

1
AB=|4[-(2 4 1)
3
1
BA=(2 4 1)-|4|=21+44+13=2+16+3=21.
3

3 4
[Tpumep. Haittu mpousBenenue Mmarpuil A= (1 2) ,B= [5 6)



AB= (1 2)@ 2]:(3“0 4+12)= (13 16).

IIpakTnueckoe 3ansTue Ne 2

Botuucnenue onpedenumeneit 2, 3 u 4 nopaokos

Heas padorbl: HayuuThcst BBIUUCIATH onpeaenuTend 2,3 u 4 mopsIKoB.

IMoaroroBka k padore: [loBTOpuTh TEOpETUUECKU MaTepHral o Teme «OnpeaenuTenny.

3aganue HA 3aHATHE:
BBI‘II/ICJ'II/ITI) OHpe)IeJ'II/ITeJ'II/I:

6 -4 > 5 3 121 110 SINC.  —Cos o
o 5| 11 =22 132 121]° “lcosa sino
2 4 (o4
5 log, 5 —log, 16 ‘. 3 5 | . 2 3 |
logg 3 logs 2 1 3 2 2
2 2 7 3
I -1 -3 5 1 -16 1 -2 2
8.[-2 -1 7 9.4 -2 13 10. -6 3 22
4 =5 -10 8 —4 =23 4 -11 -3
5 0 O
11.3 2 O
0 7 —1|
-1 1 2
3 21
12, 1 4 3
-1 9 1 4
13.—2 1 4 -
4 1 -5 6
2 1 5 8

Ilopsaok npoBeeHNsI 3aHATHSA:
4. TlomyuuTth nOMycK K pabore
5. BbIDOIHUTE 3aMaHUS
6. OTBeTUTH HA KOHTPOJIHHBIE BOMPOCHI.

Conep:kanue oTuyera:
4. HauMmeHoBaHWME, IICIIb 3aHATUS, 3aIaHNC;
5. BrinmomHeHHOE 3a7aHUE;
6. OTBeThl Ha KOHTPOJbHbIE BOIIPOCHI.

KoHTpoJibHbIe BONIPOCHI 115 3a4eTa:
1. Yro Ha3bIBaeTCs ONpPEAETUTENIEM MaTPULIbI?
7



2. Kaxue criocoObl BBIYHCIICHUS ONPENCTUTENICH BaM H3BECTHBI?

IMPUJIOKEHUE

PaccmoTrpum kBagpaTHY0 MaTpHUIly, COCTOSIIYIO U3 YETBIPEX DJIEMEHTOB:

a a
4= 12
dzy an

Onpeoenenue

1. OnpeneanTesieM WK J€TEPMUHAHTOM BTOPOr0  MOPSIAKA, COOTBETCTBYIOIIUM  MAaTpUIIE,
Ha3bIBACTCS YUCIIO, PABHOE PA3HOCTU MPOU3BEICHUN DJIIEMEHTOB CTOSIIUX HA TJIABHOW TUAroHaJH,
U 3JICMEHTOB, CTOSIIUX Ha MOOOYHOMU JraroHanu (onpeaenuTenab o0o3Havaercs: uiu detA).

g A_all ar2|
etd= =aj|ax —aza
ay dp
3 % 3 -2
=2-6-4-3=0 47 =3-7-4-(-2)=29
[Tpumep 1) 4 6 , 2)

41 Q12 913
A=|ay axn axy

PaccmoTpum KkBagpaTHYO MATPHILY, COCTOSILYIO U3 AEBSITH JIEMEHTOB: d31 43 33

Onpeodenenue 2. Onpedenumenem unu oemepMuHaHmom mpembuezo
nopaoka, COOTBETCTBYOIUM MaTpuile (1.2), Ha3pIBaeTCs YUCIO paBHOE

apy 4 a3
detA=|A|=|ay; ay ay| |=A420a33 +a1a34a13 +a3a;pdy3 —
azp dzp dsz —a)3ands) —dn|a)pds3 —dpdzpdns.

CTpyKTypa 3TOr0 BBIPa)KEHHS IMOMOTaeT MOHATh HarysgaHoe npaBuiio Capproca. [Ipunumem k
AJIEeMEHTaM OIPEACIUTENS CIpaBa MEPBBIA U BTOPOM CTOJIOIBI onpenenuTens. Tpu mpou3BeaeHus,
COOTBETCTBYIOLIME MPSIMBIM, MAapaIEIbHbIM TJIABHOW JHAroHAJIN, HaJO0 B3ATh CO 3HAKOM ILIIOC, a
OCTaJIbHbIE TPU MPOU3BEAEHUS, COOTBETCTBYIOUINE MPSIMBIM, MapaJIeIbHBIM TOOOYHOMN JUArOHAIH,
HaJI0 B35Th €r0 CO 3HAKOM MUHYC.

-1 3 2
2 8 lj=(-1):8:243:1:142:2:1-2-8-1=(~1)-1:1-3-2.2=
1 1 2

[pumep 1. ==16+3+4-16+1-12=-36.
CaoiicTBa onpenenuresei
1°. Benmunna OIpe/IeJIUTENS. HE U3MEHUTCS, €CIIM €r0 CTPOKH U CTOJIOIBI TOMEHSITh MECTAMHU.

ay a2 43| |41 azp a4z

[|=lay axn ay|=|ap ayn axp

|A:all a12 :a” azl

dz1 a4 aip an a3 axp ay| a3 ax;  asy

2°, [TepecraHOBKa IBYX CTPOK HJIM CTOJOIIOB OMpPENEIUTENsl PABHOCHIbHA YMHOXXEHHIO €r0 Ha

(-1)

30. Ecmu ONpCACIIUTCIIb UMECT ABC OAMHAKOBLIC CTPOKH HMJIM JIBA OAMHAKOBBIX CTOJI6L[a, TO OH

paBeH HYIIO.
4°. YMHOKEHHE BCEX 9IEMEHTOB CTPOKM WM CTONONA ONpEACHHTeNs Ha J1000e

YHCIIO A PaBHOCUJIIBHO YMHOXCHHIO OIIPEACIIUTEIA HA 3TO YU CIIO A



Aayy  app a ay, ay, a
Aayy Aa a;;  ap 1 42 a3 1noan a3
! - = A’ MZI dy a3 =A- Az 4y dajg
a21 a22 a21 a22 , A(l3| aszpy asjz ay; az asz

5°, Eciut Bce 9J1eMeHThl HeKOTOPOro CTOMOLA HIIH CTPOKH OMPEIEIUTENS PABHBI HYJIO, TO H CaM
OIpe/IeUTENb PAaBEH HYIIIO.

6°. Eclii J1eMeHTH IBYX CTPOK WM IBYX CTOJIOLOB ONPENCIUTENS MPOIOPLIHOHATBHBL TO
OTIpe/IeTUTENb PaBEH HYIIIO.

7°. Ecu KayK/blil 91eMeHT JI0GO0ro CToIoNna WM TH060i CTPOKH ONPEAECIUTENS MPEICTABIIEH B
BH/JIE IBYX CJIaraeMblX, TO ONMPEEIUTENb MOKHO MPEACTABUTh B BUJIE€ CYMMBI IBYX ONpeeIUTeNeH.

an + h” dyp  dap an a2 a3 h“ d)p a3z

ay) +h~,l dy dr3|= dyy dy|t+ /’” an» (I:_}j

¢13| +h3| dyy dij USI ayy

ass ‘b_;] asn

3| amanormumo I onpeenmTeneii 2-ro mopsIKa.

8°. Ecti K »7eMEHTaM HEKOTOPOH CTPOKH MM CTOJNONA MPHOABHTH COOTBETCTBYIOIIHE
AJIIEMEHTHl APYrol CTPOKM HJIM CTOJNOLA, YMHOXKEHHBbIE Ha JII000H OOIIMI MHOXHUTENb A, TO
BEJIMYMHA OIPENIEIUTENS HE U3MEHUTCH.

MI“ a;;

Onpeoenenue 3. Munopom | V|snementa | /] onpenenurenst Ha3bIBACTCS  OIPEICIUTENb,
HOHy‘IeHHBIfI N3 JAaHHOI'0 OIpEACIUTCIIA BBIUCPKHMBAHUCM CTPOKU U CTOJ'I6I_[3,, Ha NEepeCCUCHUU
KOTOPBIX PACIIOJIOKEH ITOT JIEMEHT, T.€. | — Oif CTPOKH U | — TO CTOJIOIIA.

A

Onpeoenenue 4. Anzeopauueckum

oonoiHenuem

i a.‘
V] snementa | Y] onmpenenurens

. _N\it+J
Ha3bIBACTCA MHUHOP 3TOI'0 3JIECMCHTA, YMHOKCHHBIM Ha ( 1) , T.C

[Aij =(-1)""/ My

Jis BbIUMCICHHS aNreOpandecKuxX AOMOTHEHUN 3JIEMEHTOB OMPEAENUTENIeH TPEThero mopsaka
+ - +
- + p—

3HAKH JIETKO 3aIlIOMHUTH 10 cleayromei cxeme: |1~ H|,

4 7 -2 3
My =
5

A=|3 -1
s 0 7

5
=3-7-5-5=21-25=4

Hanpuwmep:
|41 =(=D)™*2 - My, = (-1)- (-4) =4,

0 o o
9~ OHpCHCHI/ITeHB PaBCH CYMMC IIPOU3BCACHUU IJICMCHTOB KaKOU 'HI/I6y,HI) CTPOKH HUJIA CTOJ'I6I_[a
Ha ux anre6panquKHe JOIIOJIHCHUSI.

3
Z“l i

j=1

Hanpumep: {A =ap Ay +apdpn +a3d;.

0 o
10°. CYMMa IMPOU3BCACHHUHN 2JICMCHTOB KaKOl"O-HI/I6yI[B CTOJ'I6L[a HJIM CTPOKU OIPCACIIMTCIII Ha

anreOpandeckue JOMOJIHEHHUsI COOTBETCTBYIOLIMX AJIEMEHTOB APYroro cTojlla Miad CTPOKH paBHA
HYJIIO.

3
D ;=0
=

Hanpumep: [a12A21 +apAy +aj3d4; =0,

IIpakTHyeckoe 3ansTue Ne 3

Pewienue cucmem ypasnenuii memooamu Kpamepa, I'aycca, memo-
00M 00paAmMHOU MAmMpuybl
Heas padorbi: HayuuThes pemaTh CUCTEMBI JIMHEWMHBIX YPAaBHEHUN pa3TUYHBIMU METOJAMHU.
IoaroroBka k padore: IloBToputh Teopernueckuii matepuan mo teMe «CHCTeMbl JMHEWHBIX
YPaBHEHHII»
3agaHue Ha 3aHATHE:



1. Pemmth cucTembl JMHEHHBIX YpaBHEHUH METOJOM 0OpaTHON MaTpullsl, MeTogoM Kpamepa
u Metoznom [aycca.

2X+95y+6z="74 SX +8X, +X; =2
1) 19x+2y -3z =-60 4) 13X, —2X, +6X, =—7
7X+5y+3z=22 2X + X, — X3 =5
X, +2x, =10 2X, —3X, + X5 =—7
2) 13X, +2X, + X3 =23 5) {X, +4X, +2X; =-1
X, +2X; =13 X, —4X, =5
5Xx—-5y—-4z=-3
3) {x+y-5z=-11
4x-3y—-6z=-9

IMopsinok mpoBeaeHUs 3aHATHS:
1. Tlomyuuts momyck K pabore
2. BpimonHuTh 3a1aHUS
3. OTBeTHTH Ha KOHTPOJILHBIC BOIIPOCHI.

Conep:kanue oTuera:
1. HaummenoBaHnwue, 1eab 3aHATHSA, 3aJaHUE;
2. BrinmomnenHoe 3agaHue;
3. OTBeThI Ha KOHTPOJIBHBIE BOMPOCHI.

KoHTpoJibHbIEe BONIPOCHI 115 3a4eTa:

Kak 3anucats npocreiiniee MaTpuyHOE ypaBHEHUE?

VYKaxuTe aaropuT™ peuieHHs MPOCTEHIIIero MAaTPUYHOTO YPaBHEHHUS.

Kak npoBepuTh NpaBUIBLHOCTD PEIIEHUS MPOCTEHIIEro MAaTPUIHOTO ypaBHEHU A7
Cdopmymupyiite Teopemy Kpamepa.

3anummre Gopmysr Kpamepa.

SR A

IMPUJIOXKXEHHUE
MaTDI/I‘IHHﬁ MECTOOd U MCTOJ KpaMepa IIPUMCHUMBI TOJIBKO K TEM CHCTEMaM JIAHEWHBIX
YpaBHEHHH, B KOTOPBIX YUCJIO HEM3BECTHBIX PABHIETCS YHUCIY YPaBHEHUH.
Ay X +a,X, to+ 3 X, = b1
Ay X +8,0X, +...+ 8, X, =D,

2n"*n

ITycTts nana cucreMa N JMHEHHBIX YPABHEHUM ¢ N HEU3BECTHBIMH:

a, X, +a,X +...+a,.X =b

MaTpu4yHbIi MeTO/] pellleHUs1 CUCTEeM JIMHEeHbIX YPaBHEHHU I

&; dp - &,

a,, a,, .. a,,
O603HauuM MaTpuIly K03 HUITMEHTOB Mepel HEM3BECTHBIMU: A = :

a‘nl a‘n2 ann
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X, b,

_|* _|b,
BEKTOP HEUBBECTHBIX: X = , BEKTOp CBOOOJIHBIX WICHOB: B =
xn bn
Torga cucTemy JMHEHHBIX YPaBHEHUH MOXKHO 3alKCaTh B pABHOCHUJILHOM MaTPpUYHOM opMe:
A-X=B

DTO paBEHCTBO HA3BIBACTCS MPOCTEUIIMM MATPUYHBIM ypaBHEHHEM. Takoe ypaBHEHHE pelIaeTcs
crenyomuM obpasoM. Ecmum matpuma A — HeBBIpoXIeHHas (T.e. |A|;t0), TOrJla pELICHUE

HaxoauTes mo popmyre: X=A1B

Sx-y—-z=0
[Ipumep. PemnTs MaTpU4YHBIM METOOM CHCTEMY ypaBHEHUH: X+ 2y +3z =14
4x+3y+2z=16

5 -1 -1 0 X
Cocraum Matpuitet A= |1 2 3 |, B=|14|, X=|y
4 3 2 16 z

Hatinmem oOpaTHYIO MaTpuily Al

5 -1 -
|4=]1 2 3|=5(4-9)+1(2-12)-1(3-8)=-25-10+5=-30,
4 3 2
An—‘z 3‘:-5, A21—‘_1 _1‘:1, Agl—‘_l _1‘ =-1;
32 2 2 3
Alz——‘l 3‘—10, Azz_‘s _1‘=14, Agz__‘S _wz—les,
4 2 4 2 1 3
L2 5 - 5 -1
13—‘4 3‘2—, A23——‘4 31‘2—19, A33—‘1 2‘211;
11 1
5 -1 -1 6 30 30
At=_-Ll10 14 -—16|=|-L -7 3|
Plos -9 1 13 1195 1151
6 30 30
Haxonum matpuny X:
11 1 1g,14, 16
X 6 30 30 |(0 6 30 30 1
X=|y|=A"B = S A R V7Y IS R L 2. e
315 15 3715 15
z o e 1,,266 176 | 3
6 30 30 6 30 30



Pemenue cucremsr: X =1,y =2;z2 = 3.
Meton Kpamepa 1iisl pelieHusi CUCTeM JIMHEHHBIX YPABHEHH I
Teopema Kpamepa. Cucmema N jaunetiHblX ypasHeHuil ¢ N HeU38eCMHbIMU, ONpedeaumelv

KOMOPOU OMmau4er Om HyJls, 6ce20d umeem peuleHue u Npumom eouHcmeeHnnoe. Imo peuieHue
Modcem Obimb HALOEHO N0 POPMYIAM

&; &, - &,
A A A a, a, .. a
X, =—2, X,=—%,..,X, =—", 20e A= 2 e . onpeodenumens CUCMEMbL
2 n
A A A
a,; 4, ... QA
b, a, .. a, a; b ..oa, a; a, .. b
b, a, .. a a,, b, .. a a, a,, ..
Al — 2 22 2n , Az — 21 2 2n s An — 21 22 2
bn a‘n2 e ann anl bn ann anl an2 " bn
Sx-y—-z=0

[Ipumep. Pemmts cucremy ypaBHeHHit MeTogoM Kpamepa: < x+2y +3z =14
4x+3y+2z=16
5 -1 -1
A= 2 3|=54-9)+(2-12)—(3-8)=-25-10+5=-30;
4 3 2
0 -1 -1
A=114 2 3| =(28-48)—(42-32)=-20-10=-30.

16 3 2
5 0 -1

A=l 14 3| =5(28—-48)— (16 —56) = -100 + 40 = -60.
4 16 2
5 -1 0

As=|l 2 14 =5(32-42)+ (16 — 56) = -50 — 40 = -90.
4 3 16

Xl—%zl; X2:%=2; X3 = %:3.

Meton I'aycca s peieHus1 cucTeM JUHeHbIXI ypaskerymiia 115
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PaccMOTpUM IPOM3BOJIBHYIO CHUCTEMY JMHENHBIX ypaBHEHUH. CucTreMa M ypaBHEHHH ¢ N
HEHU3BECTHBIMU B OOIIEM BH/JIE 321 ChIBAETCS CIEAYIOIIUM 00pa3oM:

a, x, +a,x, +..+a, x, =b
A, X, +ayX, +...+a, x, =b,
a, x, +a,,x,+..+a, x, =b
e ajj — kKodhpuIreHTsl, a bj — mocrosHHbIE. PerenneM cucTeMsl SIBIAIOTCS N YKCEll, KOTOPBIC IIPH

MOJCTAHOBKE B CHCTEMY IPEBPALIAIOT KaXI0€ €€ yPAaBHEHUE B TOKAECTBO.
JI1s1 5TOM cUCTEMBI IMHENHBIX YPABHEHUI BHJ1a MaTpHIla

ayp dp e 4y,
Ay dy . 4y, .

A= HA3bIBACTCS Mampuyell cCucmemyl, a MaTpULA
aml amZ amn
all alZ aln 1

* aZl a’22 e a’Zn b2 o o

A= Ha3bIBACTCA pacuiuperHHou mampuyeu cucmemaol

a'ml amZ a‘mn bm

CyTp MeToa 3aKjIr4aercss B TOM, YTO CHCTEMY YPAaBHEHHMI C MOMOILIBIO 3J1€MEHTapHbIX
npeoOpa3oBaHUi NPHUBOJAT K SKBUBAJICHTHOM €H CHCTEME C TPEYroJIbHOM MaTpHIled (CHCcTeMbl
HA3bIBAIOTCSl IKBHUBAJEHTHBIMHU, €CJIIM MHOXECTBa HX pEIIEHHH coBmajnawT). OTH JAeHCTBUS
Ha3bIBAIOTCS MPSAMBIM XOZOM. 3aTEM U3 MOJy4YEHHOM TPEyroibHOM CHCTEMbI IEPEMEHHbIE HAXOAST
C MTOMOIIBIO TTOCIIEIOBATEIbHBIX MOICTAHOBOK (0OpaTHBIN XOJ).

dnemenmapuvimu nPeoodpa308aHUAMU CUCH EM SBISIOTCS:

1) YMHOXeHue uim feneHne Kod(pGUIUEHTOB U CBOOOIHBIX YJICHOB Ha OJHO U TO JK€ YUCIIO

2) CnoxeHue U BbIUNTAaHUE YPaBHEHUN

3) IlepectaHoBKa ypaBHEHUN CUCTEMBI MECTAMH.

4) HckiroueHne U3 CUCTEMBbl YpaBHEHHH, B KOTOPBIX BCe KOA(UIIMEHTHl NMPH HEU3BECTHBIX U
CBOOO/IHBIE YJIEHBI PABHBI HYJIIO

2x,+x, —x; =5
[Ipumep. PemuThb crucTeMy NTHMHEWHBIX ypaBHEHH MeTogoMm ['aycca <x, —2x, +3x; =3
Tx, +x, —x; =10

CocraBUM pacCHIMPEHHYIO MATPULLY CUCTEMBI.

2 1 -1 5
A*=11 -2 3 -3
7 1 -1 10

BrImoyiHMM Haz1 3TOW MaTpuUlled ClenyroIme npeodpa3oBaHus:
1) momensieM MectaMu 1 U 2 CTPOKH;
2) mpubaBUM K DJIEMEHTaM 2 CTPOKH | -0 CTPOKY, YMHOXKEHHYIO Ha -2;
3) mpubaBUM K 3JIEMEHTaM 3 CTPOKH 1 -0 CTPOKY, YMHOXKEHHYIO Ha -7,
4) npubaBUM K 3J€eMEHTaM 3 CTPOKH 2-10 CTPOKY, YMHOKCHHYIO Ha -3;



A*:

2 1 -1 5 1 -2 3 -3 1 -2 3 -3 1 -2 3 -3
1 -2 3 -8|~|12 1 -1 5|~10 5 -7 11|~|0 5 -7 11
7 1 -1 10 7 1 -1 10 0 15 -22 31 0O 0 -1 -2

[Tonyurmsin cucTeMy ¢ TpEyroJibHOW MaTpuiield. TakuM oOpa3oM, MCXOHAsI CUCTEMAa MOXKET OBbITh
IIpe/ICTaBJICHA B BUJIE:

X, —2x, +3x; =-3

—Tx; =11 , OTKY/Ia ojTydaeM: X3 = 2; Xp = 5; X3 = 1.

—X; =2

IIpakTuueckoe 3ansitue Ne 4
/eiicmeus c 6exmopamu

eanb padorbl: HayunThCs BHINOMHATE ACHCTBUSI C BEKTOpAaMU

IMoaroroBka k padore: IloBTopuTh TEOpeTHUECKU MaTepuai o Teme «Bektopel. Onepanuu Haj
BEKTOpaMu»

3ananue Ha 3aHsATHE:

1.

ok W

7.
8.

9.

JlaHbI BEKTOPBI d U b. ITocTpouts BekTOpHI C = 3(%3) , d=-2(a+b).

Haiitit koopauHaThl BEKTOPOB AB , @, cA , ecmu A(2; 3), B(-1; -3), C(-7; 5).

Janbl BekTOpsl d = (-2;4) b = (3; 1). Haiitu: C=a+b,d=a-b,&=34, f=5b.
Haiitu nnuny BekTopa AB , ec A(5; 2), B(8; -2).

Han tpeyroasuuk ¢ Bepmunamu A(7; 7), B(4; 3), C(3; 4). Haiitu ero mepumerp.
Otpe3ok AB 3aman toukamu A(2; 3), B(10; 11). Haiitu xoopmuHatel Touku C, eciu
U3BECTHO, uTo |AC|:|CB|=3:5.

Haiiti aymnay menuansl AM Tpeyronbauka ¢ Bepumnamu A(7; -4), B(-1; 8), C(-12; -1).
Haiitu ckansipHOe pou3BeieHne BEeKTOpoB d = (5;7) u b = (4; 3).

Haiitu yroa mexy Bektopamu d = (4; 0) u b = (2; -2).

10. Haittu yrisl Tpeyroisauka ¢ Bepmmnaamu A(6; 7), B(3; 3), C(1; -5).

HOpH}.IOK NMPOBEACHUA 3AHATHUA:

1.
2.
3.

[TomyuuTs nonyck k pabore
Brimmonnuts 3agaHus
OTBETUTH Ha KOHTPOJIbHBIE BOITPOCHI.

Conep:xkanue oruera:

1.
2.
3.

HanmeHnoBanwue, 11716 3aHATHS, 3aJaHNUE;
BrmosHeHnHOE 3aaHKE;
OTBGTH Ha KOHTpOJ'IBHBIC BOHpOCLI.

KOI—[TpOJII)HI)Ie BOIIPOCKHI JIsA 3a4Ye€Ta:

CoNoO~LNE

Uro Ha3wpiBaeTcst BekTopoM? J[mHoM BekTopa?

Kaxk cnoxuth 18a BekTopa?

Kaxk HaiiTh pa3HOCTh IBYX BEKTOPOB?

Kak yMHOXUTb BEKTOp Ha YHCIIO?

Kaxk HaliTH KOOpAMHATBI BEKTOPA, 33JaHHOTO ABYMS TOUKamMu?

Kaxk HaiiTi nymHy BeKkTOpa, 3aJIaHHOTO ABYMSI TOYKamMu?

Kak HaliTu 1MHY BEKTOpa, 3aJaHHOT0 CBOMMU KOOpAUHATaMu?

Kak BbIYMCIIsI€TCS CKAISIPHOE ITPOU3BEACHUE BEKTOPOB, 3aJaHHBIX CBOMMHU KOOpIAUHATaAMU?
Kax HaiiTh yroma Mexay BeKTopaMu?
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INPUJIOKEHUE

Bexkmopom na3piBaeTcsl HallpaBJIEHHBIA OTPe30K (ynopsaodeHHas napa Touek). K Bekropam
OTHOCHTCS TAKXK€ U H)YJ1€601ll 6eKmop — 3TO BEKTOP, HA4aJI0 U KOHEL KOTOPOr'o COBMA/IaIoT.
Jnunoni (modynem) BEKTOpa HA3bIBAECTCA PACCTOSIHUE MEXK/Y HA4aJlOM U KOHIIOM BEKTOpA.

AB| =d]

JelicTBUSA HAl BEKTOPaAMH
1. CymMoii IBYX BEKTOPOB HAa3bIBA€TCS BEKTOp C =d +I;, YAOBJIETBOPSIIOIUN YCIIOBHIO:
€CJIM HA4aJIo BEKTOpa b HEPEHECTH B TOUKY, SIBISFOLIYIOCS KOHI[OM BEKTOpa d , HA4aso BeKTopa C
COBIIQ/ICT C HAYAJIOM BEKTOpa d , a KOHEIl — C KOHI[OM BEKTOpa b (mpaBMIIO TPEYTOJIBHUKA).
2. TlpousBeneHmeM BeKTOpa d Ha 4YHCIO O HashBaeTca BeKTop b=« 4,
YIOBJICTBOPSIFOIUI CIENYIOIIHUM YCIOBUAM:

1) |b

-
2) BeKTOp b KOJIMHEAapeH BEKTOPY d |

3) Bektop @ conompasien ¢ BektopoM b ( @TTh), ecnin o > 0 M HPOTHBOMOTOKHO

nampasiet (d T4 b ), ecim o, < 0.
Koopaunarel BekTOpa
[Mycte Toukm A(xi, Y1) u B(X2, Y2), 3amaHbl B NPsAMOYIrOJbHOW JEKapTOBOH cHcTEMeE

KoopauHatT. YToObl HaWTH KOOpAMHATHl BekTOopa AB HYXHO W3 KOOpJMHAT €ro KOHIA BBIYECTh

KOOpPIMHATHI Havana T.e. AB = (Xo— X1, Y2 — Y1).

JeiicTBUS HAl BEKTOPaMHU, 3IaHHBIMM CBOMMH KOOPIAUHATAMH
Ecnun BekTOpbl 3amaHbl B NOPSAMOYTOJBHOW JEKAPTOBOW CUCTEME KOOPAMHAT CBOMMH
KOOpIMHATaMH, TO
1) npu ClOKEHWH ABYX W OOJBIIErO YKCIa BEKTOPOB HMX OJHOMMEHHBIC KOODPIMHATHI

- - -> -
CKIaapIBatoTes, T.e. ecn a(x;;y,), b(x,;»,), 0o a+b=(X +x,; ¥, +»,);
2) Tpu BBYUTAHWH BEKTOPOB WX OJHOMMEHHBIE KOODAMHATHI BBIYMTAIOTCS, T.C. €CIH

- — - >
a(x;y), b(xy;p,), To a=b=(X — x5y, —,);
3) npu yMHOXXEHHH BEKTOpa Ha YMCIIO Ka)/Jas KOOPJAMHATAa BEKTOpPA YMHOXKAETCS Ha 3TO
- -
gucio, T.e. ecii a(x;y), o K a(kx;ky)

/Jlnuna éekmopa é Koopounamax ONpesensiercs Kak pacCTOSHUE MEX1y TOUKaMH Hadaja v
KOHIIa BekTopa. Eciin 3amansl 1Be Touku Ha m0ckocTd A(x1; Y1), B(X2; y2), TO

o 2 2
AB =\/(X2 _Xl) +(y2 _yl) .
Ecnu Touka M(x; y) derum ompeszok AB 6 coomnowenuu Alu, T0 KOOpAMHATHI 3TONH TOYKH
+ AX + A
ONPENENAIOTC KaK: X = L; _ A,

M+ A M+ A
B Ly Kt X o ity
YaCTHOM CITyyae KOOPJIUHATHI cepeounvl ompe3Ka HaxouTCs Kak: X = R =5

CKanapuvlm npoussedenuem JBYX HEHYJIEBBIX BEKTOPOB d W b HaswplBaercs 4MCIO,
pPaBHOE NMPOU3BEICHUIO AJIMH 3TUX BEKTOPOB HA KOCUHYC YIJIa MEXIY HUMH, T.€.
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i-b =|adl-lbl-cosp, rme ¢ - yron mexny sexropamu 0< ¢ <180°. Vriom mexmy
BCKTOpPaMHU HA3BIBACTCA YTOJI MCXKAY UX HAIIPABJICHUAMMU.

[pumep. Haiitu ckansipaoe npoussencuue (3 a -2 b )-(5a-6 b ), eciiu |Ei| =4, ‘5‘ =6, a’b=rx/3.
15G-G-18a-b-10a-b +12b -b =15[d’ —28|c7|‘5‘cos%+12‘5‘2 :15-16—28-4-6%+ 12:36 =
=240 - 336 + 432 = 672 — 336 = 336.

CKaJIHpHOG Mpou3BE€I€cHUEC BEKTOPOB B KOOleHHaTHOﬁ (l)opMe

- -
Ecmn paccmatpuBath BekTopel  a(X;;V,); b(X,,y,) B mnpsamoyrompHOW aeKapTOBOIf

CUCTCMEC KOOpAWHAT, TO a-b = XX, + Y10, I/ICHOHBSYH IMMOJIYYCHHBIC PaBC€HCTBA, II0JIydYacM

-

ab
d

(opMyily 171 BBIYUCIIEHHS yIila MEXy BEKTOpaMH: COS @ =

al-
XaXo ¥ YaYs

WX+ yE G+

WM B KOOPAMHATHOM opme: COS @ =

[pumep. Haiiti yron Mexay BEKTOpamMH d U b,ecin = (5; -3), b= (3;5)

_ 5-3+(-3)-5 0 ) T
cosgp = =—=0;¢p=arccos0 = > T.€. 3a/IaHHBIE BEKTOPbI NIEPIECHIUKYISPHBI.

J25+9./9+25 34

IIpakTuueckoe 3ansitue Ne 5
3aoauu na cocmaenenue ypaguenuil U NOCMpPoeHUe NPAMbBIX U N1OCKOCHIEl

Leanb padoTsl : HayduThCs COCTaBIATh ypaBHEHUS MIPSIMBbIX.
IToaroroBka k padore: [loBTOpuTh TEOpETHUECKHIT MaTepual o Teme «IIpsmas Ha miIockocTH»
3aganue Ha 3aHATHE:
1. CocraBuTh ypaBHEHHE IpsIMOWH, mpoxoxasmed uepe3 Touky B(5; 3) u umerouieit
HopMmastsHbIHi BekTop N (5; 0).
2. CocTtaBUTh YypaBHEHHE NpPAMOH, mnpoxoxsmend uepe3 Touky A(3; -2) u wuMeromeH
Harnpasystonmii Bekrop a (-5; 3).
3. Tpeyromeuuk 3aman Toukamu A(S; 2), B(-1; -4), C(-5; -3). CocTaBuTh ypaBHEHHE HPSIMOM,
npoxozsien uepes Touky B napamiensno AC.
4. CocraBuUTh YpaBHEHHUE MPSAMOU, mpoxosieit uepe3 Touku A(1; 3), B(4; 1).
5. CocraBuTbh ypaBHEHHUs MeIMaH TpeyrojbHuKa ¢ Bepimuaamu A(7; 0), B(3; 6), C(-1; 1).
6. CocraBUTh ypaBHEHHUE MNpPSIMOW, MPOXOAsIIeN uepe3 TOuKy (2; 3) M NepHeHIuKyIIpHOM
npsmoit 4x + 3y -12 =0.
7. 3anucaTh ypaBHEHHUS MPSIMBIX B OTPE3KaxX U MOCTPOUTD UX:
a) 2x +5y +20 =0;
6)x—8y+4=0.

IMopsinok npoBeaeHNsI 3AHATHS:
1. TlomyuuTs momyck K pabore
2. BeimomaHUTH 3aMaHUS
3. OTBeTHTH HA KOHTPOJIBHBIE BOIIPOCHI.
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Conep:kanue oruera:
1. HaumenoBaHwue, Lieab 3aHATHSA, 3aJaHUC;
2. BrinmomHnenHoe 3agaHueE;
3. OTBeThl Ha KOHTPOJIbHbIE BOIIPOCHI.

KoHTpoJibHBIE BONIPOCHI /151 3a4eTa:
1. Kakum ypaBHEHHEM ONUCHIBAETCS MpsiMasl Ha IIIOCKOCTU?
2. 3amucaTh ypaBHEHUE MPIMOU, MPOXOAAIICH Yepe3 TOUKY U UMEIOIIeil HOPMAaJIbHBIA BEKTOP.
3. 3amucaTh ypaBHEHHE IPSIMOMN, TPOXOASINIEH yepe3 TOUKY U UMEIOIel HalpaBIsSIOUIUi BEKTOP.
4. 3amucaTh ypaBHEHHE NPSIMOU, TPOXOASIIEH yepe3 ABe TOUKH.

INPUJIOKEHUE

JIro6ast mpsimMast Ha TIOCKOCTH MOYKET OBITh 3a1aHa ypaBHEHHUEM TIEPBOTO TOPSIKA
Ax + By + C =0,
2 2
pUYEM TIOCTOSIHHBIE A, B HE paBHBI HYJIIO OAHOBpEMEHHO, T.e. A + B # (. D10 ypaBHEHHUE
MEPBOTO MOPSAKA HA3BIBAIOT OOIIHUM YPaBHEHUEM MPSIMOIA.
YpaBHEHHE TPSIMOW MOXET OBITh MPEICTABICHO B PA3IMYHOM BHUAC B 3aBUCHMOCTH OT
KaKiX — JJMOO 3aaHHBIX HAYaJIbHBIX YCIIOBH.

YpaBHelme l'IpﬂMOﬁ IO TOYKE U HOPMAJIBHOMY BEKTOPY

N
Hopmanvuoim eexmopom npsamou | HaszpiBaeTcs o0oit HeHysneBoit Bektop N = (A;B),
NIEPIIEHUKYJIIPHBIN 3TON IPSAMOM.

[Ipumep. Haiitu ypaBHeHUEe npsiMOit, poxosield yepe3 Touky A(1l, 2) nepneHaAuKyIspHO
BekTopy 7 (3, -1).
CocraBum npu A = 3 u B = -1 ypaBHenue mnpsmoit: 3x — y + C = 0. lnga HaxoxAeHU
kodpdunrenra C TOACTABUM B IOJYYCHHOE BBIPAKEHHUE KOOPAWHATHI 3aJaHHOW TOYKH A.
[Tomygaem: 3 — 2 + C =0, cinepoBatensHo C = -1. Toraa uckomoe ypaBHeHHE IPUMET BHI: 3X — Y —
1=0.

YpaBHeHHe NPAMOM 10 TOYKE M HANPABJIAKIIEMY BEKTOPY
Hanpasnatowum eéexmopom npamoii | Ha3piBaeTcst BCIKMI HEHyJIEBOM Bektop d (M, n),
MapajuIeNIbHbIN 3TOW MPSIMOM.
[Iycts 3amanbl Touka Mi(X1, Y1) ¥ Hampasisoumii Bekrop d (M, N), Torga ypaBHEHHE
X=X — Y-V
m n

IPSIMOM, TIPOXOJSINEH Yepe3 TOUKy Mi B HAmpaBICHHH BEKTOpa d HMMEET BUI:

9T0 YPaBHCHHEC HA3bIBACTCA KAHOHUYCCKHUM YPABHCHUEM HpﬂMOfI.

[pumep. Haliti ypaBHeHUE mpsMO ¢ HampasisiromuMm BekTopoM d (1, -1) u mpoxozsiueit
yepe3 Touky A(l, 2).
YpaBHEHUE MCKOMOI mpsiMoil Oyaem uckaTh B Buae: AX + By + C = (. 3anuiiem KaHOHHUYECKOE
. X—1 -2
ypaBHEHHE MPIMOI - - y 1 npeobpasyem ero. [lonyunm x +y -3 =0

YpaBHeHHe NPAMOM, NPOXOAsI el yepes ABe TOYKHU
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[Tycts Ha muIockocTu 3aaaHbl aBe Touku Mi(X1, Y1) U Ma(X2, Y2), Toraa ypaBHEHHE TIPSIMOH,
X=X _ Y—%
X =% Y=
PaBEH HYIIO, CIeNYeT MPUPABHATH HYIIIO COOTBETCTBYIOILIMI YUCIUTENb.

. Eci kakoii- 1m0o 13 3HaMeHarenen

MPOXOJIAIEN Yepe3 3TH TOUKHU UMEET BU/I:

[Tpumep. Haiitu ypaBHeHue npsamoii, mpoxozsuiei yepes Touku A(1, 2) u B(3, 4).

x-1 y-2
2 2

[IpumeHnsis 3anrcaHHyIo BBIIIE POPMYITY, MOTydaEeM: = Z

x—1 2
3-1 2

YpaBHeHHe NPSAMOM 110 TOYKE H YIJII0BOMY KO3 PUIHEHTY

Ecimu obmee ypaBHeHue npsimoid Ax + By + C = 0 mpuBecTH K BUAY: y=—§x—% u
A C
0003HAYUTH ) =k; s =b;, me. y=kx+b, TO NOIy4EeHHOE YypaBHEHUE Ha3bIBACTCS

ypaBHEHUEM MPSMOM C YTIOBBIM KO3 PHUIIHEHTOM K.

YpaBHeHHe IPAMOM B 0TPe3Kax
Ecmu B obmem ypaBaenunn nipsimoit Ax + By + C = 0 xoadpdunuent C # 0, To, pa3aenuB Ha
C, nony4yum: —éx—£y=l WIH £+Z=1, rae a =—£; b=—g
c C a b A B
['eomerpuueckuii cMbIci KO3(GOUIMEHTOB B TOM, YTO KO3(DPULIMEHT a SBISETCS KOOPAUHATON
TOYKH MEePECEUCHUs MPAMOi ¢ ochio Ox, a b — KoopAMHATON TOYKH MepecedeHus MPSAMON C OChIO

Oy.

[Ipumep. 3agano obiiee ypaBHeHue npsimoit x —y + 1 = 0. Halitu ypaBHeHue 3Toil mpsiMoii B
orpeskax. A=-1,B=1,C=1, torna a = -1, b = 1. YpaBHeHue npsiMoii B OTpe3Kax MPUMET BH/

LYo,

I 1

[pumep. Jlausr Bepumusl Tpeyronbauka A(0; 1), B(6; 5), C(12; -1). Haiitu ypaBHEeHHE
BBICOTHI, IPOBEIeHHON 13 BepuMHbI C.

x-0 y-1 «x
Haxonum ypaBHeHuMe cTopoHsl AB: ———==——; —
P P 6-0 5-1 6 4

A4X=6y—6; 2x—-3y+3=0; y=§x+l.
Hckomoe ypaBHeHUE BBICOThI UMeeT BUI: AX + By + C=0 mm y = kx + b.

3 3
k = X Torma y = —5x+b. T.x. BbICOTa mpoxoauT yepe3 Touky C, TO ee KOOpIAUHAThI

3 3
YIOBJIETBOPSIIOT JAHHOMY YPaBHEHUIO: — 1 = 5 12+ b,otkyna b =17. Utoro: y = —Ex +17.
OteTt: 3Xx + 2y — 34 =0.
IIpakTuueckoe 3ansitue Ne 6
Haxosicoenue napamempog Kpuewvix émopo2o nopaoka. Ilocmpoenue Kpuswix 6mopo2o nopsaoka

Heas padorbl: HayuuThcst COCTaBIATh YPaBHEHHS KPUBBIX 2-TO NOPSAJIKA, CTPOUTD HX.
IToaroroBka k padore: [loBTopuTth TEOpeTHUeckuil MmaTepuan no teme «Kpusbie 2-ro nopsiaka»
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3agaHue Ha 3aHATHE:
1. CocraButh ypaBHeHHE OKpYyx)HOCTH ¢ ieHTpoM O(3; -2) u paauycom I = 5. [ToctpouTs ee.
2. TIoCTpOUTBH OKPYKHOCTB X° + )y + 6x — 4y — 3 = 0.
3. CocraBuTh KAHOHUYECKOE YpaBHEHHE JJUINIICA, Y KOTOPOro Majast och 2b = 6, a paccrosaue
Mexay doxycamn |FF,| = 8.

4. Haiitu koopauHatbl (POKYCOB, IJIMHBI OCEH W SKCIEHTPUCUTET 3JUIMICA, 3aJaHHOIO
ypaBuenuem 16x” + 25y% = 400.

5. Haiitn koopauHathl ()OKYCOB, JJIUHBI OCEH, SKCICHTPUCHUTET U YPaBHEHUS ACHUMIITOT
runepOoIIbl, 3aIaHHON YpaBHEHHEM 16x% — 257 = 400.

6. CocTaBUTh KAHOHUYECKOE YpaBHEHUE TUTIEPOOIIBI, ICHCTBUTENBHAS OCh KoTopo# 2b = 10, a

YpaBHCHUSA aCUMIITOT UMCKOT BU/: Y = igx .

7. Haiitn xoopauHathl poKyca U ypaBHEHUE JUPEKTPHUCH Mapadoibl, 3aJaHHOW ypaBHEHHEM
3% = 8x.

8. CocraBuTh ypaBHEHHE Napaboibl ¢ BEPIIMHOM B Haydaje KOOPJIMHAT, €CJIM YypaBHEHHE ee
nupekTpucel x + 3 = 0.

IMopsiniok mpoBeeHUs 3aHATHSI:
1. Tlomyuuts momyck K pabore
2. BpimonHuTh 3a1aHUS
3. OTBeTHTH Ha KOHTPOJILHBIC BOIIPOCHI.

Conep:kanue oTuyera:
1. HaummenoBaHnwue, 1eab 3aHATHSA, 3aJaHUE;
2. BrinmomnenHoe 3agaHue;
3. OTBeTHI Ha KOHTPOJIBHBIC BOMPOCHI.

KoHTpobHBIE BONIPOCHI 1151 3a4eTa:
1. [atp onpeneneHre KPUBBIX BTOPOTO MOpsiiKa (OKPY>KHOCTH, 3JUIUIICA, TUIIEPOOJIBI, Tapabobl),
3aMuCcaTh X KAHOHUYECKUE YPABHEHUSI.
2. Yto Ha3bIBAa€TCS SKCIEHTPUCUTETOM dJLIHIICA, THIepOoossr? Kak ero Hailtu?
3. 3anmcaTh ypaBHEHHE PaBHOCTOPOHHEH rUNepOOIIbI

NPUJIOKEHUE

OKpysHcHOCMbIO HA3BIBAETCS MHOXECTBO BCEX TOYEK IUIOCKOCTH, PABHOYAAJICHHBIX OT
OJIHOM TOYKH, Ha3bIBAEMOM IIEHTPOM.

[Tycth mEHTPOM OKpYXHOCTH siBisieTcst Touka O(a; b), a paccrosHue 10 JH000H TOYKH
M(x;y) okpyxnocti paBHo R. Torma (x — a)’> + (y — b)> = R® — kaHOHHMYECKOE ypaBHEHHE
OKpyxHOCTH ¢ ieHTpoM O(&; b) u panuycom R.

[Ipumep. HailTu KoopAUHATHI LIEHTPA U PaguyC OKPY>KHOCTH, €CIId €€ YpPaBHEHHE 3aJIaHO B
Buge: 2X° + 2y° — 8x + 5y —4 = 0.
Jng HaxoXJeHUs KOOpJIMHAT LEHTpa M paauyca OKPYKHOCTH JJaHHOE ypaBHEHHE HEO0OXOJUMO
IPUBECTU K KAHOHUYECKOMY BUy. J1J1sl 3TOr0 BBIJEIUM MOJIHBIE KBAIPaThl:

X2 +y?—4x+25y-2=0
X2—AX+4—4+y*+25y+25/16—25/16-2=0
(x—2)*+ (y +5/4)*—25/16 -6 =0
(x—2)%+ (y + 5/4)* = 121/16

Otcroia HaxouM KoopauHathel HieHTpa O(2; -5/4); paauyc R = 11/4.
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Onnuncom Ha3bIBACTCS MHOKECTBO TOYEK IUIOCKOCTH, CyMMa PACCTOSHHM OT KaXIOW M3
KOTOPBIX 10 JBYX 3aJaHHBIX TO4YEK (Ha3bIBaeMbIX ()OKycaMH) €CTh BEJIMYHMHA ITOCTOSHHAS,
0oJIbIIIast, YeM PACCTOSIHHE MEXTY (POKycaMHu.

dokycel obo3Hauarorcs OykBamu Fi, Fo, pacctosHue mexnay ¢dokycamum — 2¢, cymma
paccTOSIHUiM OT JI00O0W TOUKM 3Jumhiica 10 GokycoB — 2a (2a > 2C), a — Gonblnas moiayocsk; b —

Majasd IoJyocCh.
2 2

X
KaHoHnveckoe ypaBHEHUE 3JIIMIICA UMEET BUJL: — +2}— =1, rae a, b u C cBA3aHBI MEXKITY

—=
a
coGoii pasercrBamu: a’— b% = ¢? (wm b®—a% = c?).
dopma DUTMIICA ONMPEACISICTCS XapaKTePUCTHKON, KOTOpasi sBISICTCS OTHOIICHHEM

o C
(l)OKYCHOI‘O pacCTodHUusA K JIIMHC OoJbIIe OCH M HA3bIBACTCS OKCHCHTPUCUTCTOM. & =— WU
a

c
E=—

T.k. mo ompenenenuto 2a > 2C, TO SKCLEHTPUCHUTET BCEra BBIPAXKAETCA MPABUIILHOM
apobsio, T.e. 0< e <1,

[Tpumep. CocTaBuTh ypaBHEHHE duuIca, ecian ero ¢pokycer F1(0; 0), Fx(1; 1), GonbImast och

paBHa 2.
2 2

X Y
VpaBHCHHE JJUTHIICA UMECT BUI: — +— =1.

a b?

Paccrosmne Mexay hoxycamu: 2¢ = ,/(1—0)> +(1—0)> =+/2, Takum obpasom, a° — b? = ¢? = % :

Ilo ycnosuio 2a = 2, cnegoBatensho, a = 1, b = va? —¢? =+/1-1/2 =+/2 /2. Hckomoe ypaBHeHue

2 2

BJUJIATICA IIPUMET BU/I: X + Y 1
1212

T'unep6onoit Ha3pIBAE€TCS MHOXXECTBO TOUYEK MJIOCKOCTH, PA3HOCTh PACCTOSIHUM OT KaXKJ10M
U3 KOTOPBIX 10 IBYX 3aJIaHHBIX TOYEK, Ha3bIBaEMBIX (DOKyCaMHu, eCTh BEINIHWHA TIOCTOSTHHAS,
MEHBIIIasl PACCTOSIHUS MEX1Y (HOKYyCaMHU.

2 2 2 2
K XY y _ b
AHOHMYECKOE YPABHEHUE TUIIEPOOIIBI UMEET BUIL: —5 — Py lwm ~——-—=1,r1€d,bu
a a
C CBsI3aHBbl MEXIYy €000 PaBEHCTBOM a’+ b?= c2 I'unepOona cUMMETpHUYHA OTHOCHUTEIBHO

CepelrHbl OTpe3Ka, COEOUHSIONEro (OKYChl M OTHOCUTEIbHO ocell koopauHaT. DoKychl
obo3nauatorcst OykBamm Fi, Fy, paccrosaue mexnmy ¢oxycamu — 2¢, pa3HOCTh PaCCTOSHUH OT
JAr000# ToYkH rumnepoosisl 10 GokycoB — 2a (2a < 2¢). Och 2a Ha3bIBACTCS JEHCTBUTEILHOM OCHIO
rurnepoosisl, ock 2b — MHUMO#M ochio THIepOoIbl. ['MepOoa UMeeT BE aCUMITOTHI, ypaBHECHHSI

KOTOpBIX )y =t+—ux.
a
OKCIEHTPUCUTETOM TUIepOOsIbl Ha3bIBACTCS OTHOLICHHE PACCTOSHHS MEXay (POKycaMu K

o . C c
JUIMHE JEeHCTBUTENBHON OCU: & = — WU & = b T.k. no onpenenenuto 2a < 2C, TO IKCLUEHTPHUCUTET
a

rUrepOoIIBl BCET/1a BRIPaXKaeTCst HEMPaBUIbHOU 1po0bIo, T.e. &€ >1.

Ecimu anuHa nefiCTBUTENBHOM OCH paBHA JJIMHE MHMMOH OCH, T.e. a = b, & = \/5 , TO
rurnep0oI1a Ha3bIBACTCS PABHOCMOPOHHEL.

[Ipumep. CocTaBUTh KAHOHMYECKOE YpaBHEHHE THIEPOOIIbI, €CIIU €€ HKCLIEHTPUCUTET paBeH
2 2
X Y
2, a poKychI COBIAAIOT ¢ (POKycaMH 3JUIUIICA C ypaBHEHUEM Y +—=1.

9
Haxoxum (okycHoe paccTosiHue ¢2 = 25 — 9 = 16,
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Jlust runepGonst: ¢ =a? +b?=16, e=cla=2; c=2a; c°=4a” a’=4; b*=16-4=12.
2 2

Torga XT — i}—z =1 - MucKOMOE€ ypaBHEHHE runepooJIbl.

Ilapabonoii Ha3pIBaeTCsI MHOXXECTBO TOUYEK IJIOCKOCTH, PABHOYAAJICHHBIX OT 3aJaHHOU
TOYKH, Ha3bIBAEMOK (POKYCOM, U JaHHOU MPAMOK, Ha3bIBAEMOM JUPEKTPUCOM.
dokyc mapabonbl 0603HauaeTcst OykBoit F, qupextpuca — d, paccrosaue ot Gokyca 10
JTUPEKTPHUCHL — P.
Kanonnueckoe ypaBHeHue mapadoisl, (GOKyC KOTOPOI PacloiIoKeH Ha OCH aOCIHCC, UMEET BHI:
y? = 2pX mm y° = -2pX
YpaBHEHHS TUPEKTPUC COOTBETCTBEHHO X = -p/2, X = p/2
Kanonnueckoe ypaBHeHHE Mapadoiibl, POKyC KOTOPOH pacmoioKeH Ha OCH OpAMHAT, UMEET BU/I:
x? = 2py wm x° = -2py
VYpaBHEHHS TUPEKTPUC COOTBETCTBEHHO Y = -p/2, y = p/2

[pumep. Ha mapabomne y2 = 8x HalTH TOYKH, PACCTOSHUE KOTOPOH OT JUPEKTPHCHI PABHO 4.

N3 ypaBHeHus nmapaboJibl OJIydaeM, uto p = 4. r = X + p/2 = 4; cienoBarenbHo:
x=2; y*=16; y=+4. Uckomslie Touxu: My(2; 4), Ma(2; -4).

IIpakTnyeckoe 3ansiTue Ne 7

Jeiicmeusn ¢ KOMNIEKCHBIMU YUCAAMU, 3ANUCAHHBIMU 6 Pa3nudHbIXpopmax. Peuenue
YypasHeHuil

Hesab padoTbi: HayuuThcs BBIMOMHATH ACHCTBUS HAJl KOMIUIEKCHBIMU YK CIIAMM.
IToaroroska k padore: [loBTopuTh TEOpETHUECKUI MaTepHal 1o Teme «KoMIuiekcHble ynciay.
3aganue Ha 3aHATHE:
1. Bbruucnuts:
1) 45 4 147 4 264 4 345 4 L7,
2) (i64 + i17 + i13 + i82)'(i72 _ i34);
3) iP+(A-i)-@1+i)l
HaiiTi 3Hauenne MHOrounena X>> — 8x™ + 5x* — 4x* —10 npu x = i
3. Haiiftu cymmy u mpowW3BeqeHHE KOMIUIEKCHBIX uucen Z; u Zp, 3aJaHHBIX B BHJE Map
Z1(-2; 1), Z (3; -1). 1300pa3uth uX reOMETPHUCCKH.
4. TlocTpouTh CyMMYy BEKTOPOB, H300paXKAIOIINX CIEAYIOIINE KOMILICKCHBIC uncna: Z; = 2 — |,
Z, = -3+ 2i.
5. CoxkpaTtuts apodu:
9m® +4n*
3m-2in ’
X+1

Ix+i

6. BpruaucauTh:

N

2)

y -2 o o:d 23
5-i 3-71 2+05I
1+2i 2

2) —(-1) +1; 4 .
2+ . ) (ﬁnj ’

3) 2+3)—-(5B+7i) \/_

513 , m~/N —N+/mi

R ey

7. Haittu 27, ecrm Z = 7 — 12i.
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8. Pemmrth ypaBHEHUS:
1) X*+2x+2=0;
2) 4x*—20x + 26 =0;
3) (2-5i)z=2+5j;
4) (3-2i)z=3+I.
9. Jlanel kxommuiekcHsle umcma Z, =3(cos330° +isin330°) u Z, =2(cos60° +isin60°).

Z
Haiitu: Z1-Zo, Z—l, (2)", Y, -
2

10. 3amucaTth KOMILUIEKCHBIE YHCIIA B TpI/IFOHOMeTqueCKOﬁ U TIOKa3aTEIbHOU (I)OpMaX.

D z=5 3) Z= -3J3+3i;
2) Z2=-2-2j 4 7=
11. 3anucath KOMIUIEKCHBIC YK CIIa B alTe0panyecKor U MOKa3aTeJIbHOM (hopmax.
1) Z =3(cos£+isinz); 3) Z =8(C0815ﬁ+isin15”);
4 4 4 4

2) Z= 5(COS%+isin %); 4) Z =6,3(cos10x +isinl10x).

12. 3anmcath KOMIUIEKCHBIC YHCIIa B anre0pandecKoi U TPUTOHOMETPUIECKol (popmax.
11z

1) Z=4e *: 2) Z=18¢ ? :

13. BeINMOJHUTE ACHCTBUS, MCIOJIb3YS MTOKA3aTENIbHYIO0 (POPMY KOMIUIEKCHOTO YHCIIA:
15
(—1+ i\/§ )
(1-i)”

14. Pemmmth ypaBHEHUS:

1) z*=i;

2) Z*+2+1=0.

IMopsinok npoBeaeHNs 3aHATHS:
1. Tlomyunts nonyck k paborte
2. BruimomHuTs 3amaHus
3. OTBeTUTH HA KOHTPOJIHHBIC BOMPOCHI.

Coaep:xanue oTyera:
1. HaumeHoBaHUe, LIeNb 3aHATHS, 3aaHUE;
2. BrimonmenHoe 3agaHue;
3. OTBeTHI Ha KOHTPOJIBHBIE BOIIPOCHL.

KoHnTpoJibHbIE BONIPOCHI /1151 3aUeTa:

Yrto Ha3pIBaeTCsI MHUMOI enquuuIleii? Kak BEIUUCIIAIOTCS CTENEHH MHUMOM €TUHULIBI?
Kaxoe 4nciio Ha3pIBaeTCs KOMITIIEKCHBIM ?

Kak reomerpuuecku n300paxaroTcsi KOMILIEKCHBIE Yncia?

Kakune xomMmekcHbIe Yrclia Ha3bIBAIOTCS COMPSIKCHHBIMU?

Kax BBIMOTHSIOTCS CIIOKEHUE, BRIUUTAHNUE, YMHOKEHUE U JEJICHHE KOMITJICKCHBIX YUCET B
anredpandeckoit hopme?

6. Kakue kopHU M CKOIBKO KOpHEH HMEeT KBaJIpaTHOE YPaBHEHHE C OTPUIATEIbHBIM
JTMUCKPUMHUHAHTOM?

Uto Ha3bIBaeTCS MOJYJIEM U aprYMEHTOM KOMIIJIEKCHOTo yucia? Kak oHU BEIYUCISIFOTCS?
8. Kak 3amuceiBaeTcsi KOMIUIEKCHOE YUCIIO B TPUTOHOMETPHUYECKOM, TTOKa3aTebHOU hopmax?

Ok wNPE

~
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9. Kak HailiTu npou3BeeHNe U YaCTHOE KOMIUIEKCHBIX YHCEll, 3alIMCaHHbIX B
TPUTOHOMETPUYECKOH, IMOoKa3aTenbHOH popmax?

10. Kak Bo3BeCTH B CTE€NEHb YK CIIO, 3A[IMCAHHOE B TPUTOHOMETPHYECKOI, ITOKa3aTeIbHOM
dbopmax?

11. CxonpKo 3HaUEHUN UMEET KOpeHb N-i CTEeNEeHH, 3alCaHHOE B TPUT OHOMETPUYECKOM,
nokasarenbHol hopmax?

INPUJIOKEHUE

KOMITJIEKCHBIM  YHCJIOM Z Ha3bIBaeTCs BBIpaXKeHHWe Buma z=a+ib, rtne a u b -
JNCUCTBUTEIbHBIE YHCAa, | —MHHMas €IMHHIA, KOTOpas ONpEaensiecTCs COOTHOIICHHEM:
P=-1 i=+-1L
[Tpu 5TOM YKCITO & Ha3BIBACTCS OeticmeumenvHoll yacmoio ducia Z (a = Re 2), a b- muumoit uacmoio
(b =Im z). Takas ¢popma 3anucH Ha3bIBACTCS aaredpandeckoi (HopMoil KOMIUIEKCHOTO YU CIIa.

Yucino z =a—ib Ha3bIBACTCS CONPANCEHHBIM YUCTY Z = d + b

JeiicTBHS ¢ KOMIUIEKCHBIMM YHCJIAMU B ajiredpanyeckoii popme
1) Cnoxenue u BeuMTaHue: z =z, *z, = (a, +ib,) *(a, +ib,) = (a, £ a,) +i(b, £b,)

2) YMHOKeHue: z =z,z, =(a, +ib,)a, +ib,) = a,a, +ia,b, +ib,a, +i’bb, =

= (aa, —bb,) +i(ab, +ba,)
z, a +ib
3) Henenue: Z =—=————_ Jly1a TOrO, 4TOOBI pa3EeIUTh OJHO KOMIUIEKCHOE YHUCIIO HA
z, a,+ib,
JIpyroe, HYXHO YHCIHTEIb W 3HaAMEHaTeJdb JpOOM JOMHOXHTh Ha YHCIO, COMPSHKEHHOE
(a, +ib,)(a, —ib,) _ (a,a, +bb,) +i(ab, —a,b,) _aa +Db,b, +i a,b, —ab,

3HAMEHATEN0: Z = - - > 2 2 2 2 2
(a, +ib,)(a, —ib,) a, +b, a, +b; a, +b,

[Ipumep. [laHbl aBa KOMIUIGKCHBIX 4mcna 2z, =—(—2I; Z, =2-7i. Haiitu 3HaueHue

-7-2iY' 3
——— | B anredpandeckoi popme.
2-Ti
[TpousBenem feneHue IByX KOMITJICKCHBIX YHCEI:
-7-2i (=7-20)2+7i) —14-49i—4i+14 -53i
2-7i (2-7i)2+7i) 4+49 53
IMony4aeM 3HaueHHUe 3a1aHHOrO Boipaxkerus: 16(-i)* = 16i* =16.

BBIPAKCHU S (

I'eomeTpuueckas popma KOMIIEKCHOTO YU CJIA
[loHATHE KOMILIEKCHOIO YHCJIa HMMEET TE€OMETPUYECKOE HCTONKOBaHUE. KomrmuiekcHoe
YUCIIO TPEJCTABISACTCS TOYKOM Ha IJIOCKOCTH, KOOpJAWHATAMHU KOTOPOH OYIyT COOTBETCTBEHHO
JIEHCTBUTENIbHAS M MHHMAas 4acTH KOMIUIEKCHOro uucia. IIpu 3tom ocb OX Oynmer sSBIATHCA
JIEMCTBUTEIIBHON YK CII0BOM 0Chbl0, a OY - MHMMOI OCBIO.
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YA
N e b)

ye

® .
0 d “x

Tpuzonomempuueckan popma komnaexkcnozo yucna Z =r(Cos@+isin @)

ITokazamenvnan gpopma komniekchozo yucna z =re'’
BenuunHa I HasbIBaeTcs MoodyieM KOMIUIEKCHOTO YHCa, a YroJl HAKIOHA ¢ - ap2yMeHmoM

; @=drgz; r=[a+ib|=+va’ +b?; go:Argz:arcth;
a

KOMIIJICKCHOI'O UM CJia. r = |Z

JleiicTBUS ¢ KOMILIEKCHBIMHM YHCJIAMH B TPUTOHOMETPUYECKOIi U MOKa3aTeIbHON Gopmax
ITycts KOMIIEKCHBIE uuciaa z, =7 (cos@, +ising,), Z, =r,(COS¢, +iSin¢,) 3amucaHbl B

TPUTOHOMETPHYECKOi popme n Z, = he'™, z, =r,e'”? - B moka3aTeIbHOM.
B TpuronomeTprueckoii u noka3aTeibHON popmMax yr100HO MPOU3BOAUTH CIETYIOIINE AEHCTBUS:

1. Ymuoxenue: z,Z, =1, (cos(p, +@,) +isin(e, +@,)); 2,2, = rlrgei(wr%)

Z I, .. Z | Y
2. Jlenenme: — =L (cos(p, —@,) +isin(p, —@,)); - =Le'® 7
2 r2 Z2 2
3. BosBemenue B crenenb: 2" =r"(Cosng+isinne): z" =r"e™, rue n — HATYpaJIBbHOE YKCIIO.
@ % yp
4. W3BieyeHUE KOPHS M3 KOMIUIEKCHOIO YMCIIa:

u — Y o+2nk . . o+2nk). , n 712
\/_:Vr(cosq)ﬂsm(p):\/; cos +isin ; Yz =re »

n n

Kopenb N — oii cTenenn n3 KOMIUIEKCHOI'O YHCJIa UMEET N Pa3JINYHbIX 3HAYCHUN.

. . . 20
[Tpumep. Yucno z =2 — 2+/3i anmcars B TPUTOHOMETpUYEecKoi Gpopme, HAlTH Z°, ¥z

Yncno z =2—24/3i IPEICTaBUM B TPUTOHOMETPHUECKOH (hopme.

r=lz|=v4+12 = 4 (p:arctggzarctg(—\@):

T 5 ST . . O
——=—_ Torma z=4| cos—+isin— |.
3 3 3

3
7% = 420(003@ +isin %j = 420[0054—7[ +isin 4—”)
3 3 3 3

4—7[+27zk 4—ﬂ+27zk

3z :W(cosm+isinmjzi/z c053—+isin3—  keZ.
3 3 3 3
B 3 3 Ar . . Ar )
Ipu k = 0 monyuum ¥z =3/4 COS?HSIn? D keZ.
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[pu k = 1 monyunm 3 z=3%4 COS]'OTﬂ+iSinlo?ﬂ); keZ.

IIpu k =2 monyuum 3 z=34 coslGT”Hsianﬂj; keZ.

Ipu k =3 nonyuum 3/z = 3/4| cos 2(2;[ +1isin 2(;72'} keZ.
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IIpakTuueckoe 3ansitue Ne 8
Packpeimue neonpeodenennocmeii

Heapb padorbl: HayunThcs BBIYUCIATE Ipeaenbl (yHKIHM.
IToaroroBka k paodore: IloBrOopuTh TEOpeTHMUECKMH Marepuan 1o Teme «Teopus mpenenos.
HenpepbiBHOCTB
3ananue Ha 3aHATHE:
Bbraucnuth npenesnsl Cneayrmux GyHKIIHNA:

1 1im x? +3x-10 . Jl+x-1
AM 9. lim———;
x>2 3x° —5x -2 x>0 X
2. lim (L+ 24 j, 10. lim ‘41+X2 —V1+Xx
=e\xr2 -4 T x|
3. Imw; 11 i sin®3x
o2 X+2 T
_ x*=5x+10 i
4 “”} . : 12. lim arcsin(x+2) .
x>l x° +3x-1 X—>—2 X2+2X
. 9-x? x
5. lim——; . 2) .
3 [3x —3 13. l'ﬂll[“;) ’
6. Ii 5x* -3 2%
SR 14, lim5%3 ;
X =3x% +x-1. .
10 2 X—00 X
(x+D)7(x“+1) -
S B+ D5 (-1 16. li £2X+3j
- . lim
x>\ 2X+1

IMopsiiok npoBeaeHUsT 3AHATHSA:
1. Tlomyunts monyck k paborte
2. BrimomHuTs 3amaHus
3. OTBeTHUTH HA KOHTPOJBHBIC BOMPOCHL.

Coaep:xanue oTyera:
1. HaumeHnoBaHwue, 11€]Ib 3aHATHS, 3a1aHHE;
2. BrimonHeHHoe 3a0aHueE;
3. OTBeThl HA KOHTPOJIBHBIE BOIIPOCHI.

KoHTpoJibHBIE BONPOCHI IS 3a4eTAa:
1. Kak npountats 3anuck lim f (x) =b ? [late onpenenenue npenena GyHKIUN B TOUYKE.
X—a

. 0 o0
2. Kak u30aBUTHCS OT HEONPEACICHHOCTEH BHIa 6 —1?
0.0)

3. Cdopmynupyiite 3ameqaTebHbIC TTPE/IEIbI.
MNPUJIO)KEHUE

[Mycte ¢ynkmust f(X) ompeneneHa B HEKOTOPOH OKPECTHOCTH TOYKHM X = a (T.e. B caMoi
TOYKE X = @ QYHKIHSI MOXKET OBITh M HE OTpeeNieHa).
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Yucno b nassiBaercs npedenom gynukyuu f(X) npu x—a, ecnmm nis modoro &0 cyIiecTByeT
TaKoe uncio 8(&) >0, UTo I BeexX x, YAOBISTBOPAIONNX HepaBeHcTBaM |X - al <8 X # a BepHO
nepasenctso: | f(x) - bl< &
OcHOBHBIE TEOpPeMBbI 0 IpeaesIax
Teopema 1. lim C = C, rae C = const.

xX—a
Crenyroliiie TeOpEMbI CIIPaBeIMBbI TP TMPEAooxkennu, uto Gyukiuu f(X) u g(X) umeror
KOHEYHBIC MPEEITbI TPU X—>a.

Teopema 2. lim(f(x) + g(x)) = lim f(x) £ lim g(x)
Teopema 3. lim[ /(x) - g(x)] = lim f(x)-lim g(x)
Caencrue. IimC- f(x) =C-lim f (x)

f(X) B lim f(x)

X—>a

Teopema 4. lim -
i g(x)  limg(x)

npu lim g(x)#0
7x% +9x
6x>

Cuauana HaiizeM mpenen 3Hamenarens: lim 6x°= 6 12 =6. [Ipenen 3HameHarenss OTJIMYEH OT HYJIA,
x—1

CJIEIOBATEIBHO, MOKHO BOCIOJIB30BaThCSA TeOpeMamu 4, 1:

IIpumep. Beruuncauts npenen lim
Xx—1

- 7Xz+9X_IXi_rH7x2+9x ) IXi_rH7x2+IXi_r29x 712491 16 8
x>1  BX2 lim 6x> lim 6x° 6-1° 6 3

x—1 x—1

dynkuums f(X) Ha3pIBaeTCS deckoOHeUHO MANOU NPU X—>a, TAC d MOXKET OBITh YHCIOM HIIH
OJIHOM U3 BEJIMYMH 00, +00 MK -00, €ClH lim f(x) =0.
xX—>a

Tunsl HeonpeaeaeHHOCTEH U METOABI MX PACKPBITHS
YacTo mpH BBIUMCIEHUH MPEENIOB KaKOH-1100 (yHKINHU, HEMOCPEICTBEHHOE IIPUMEHEHNE
TEOPEM O IpeseNax He IPUBOAUT K JKenaeMon neiu. Tak, Harpumep, Hellb3s IPUMEHATh TEOPEMY O
npeznesne qpo0u, eciy ee 3HaMEeHaTellb CTPEeMUTCs K Hy 0. [loaToMy uacTo npexze, 4eM NpUMEHSITh
9TU TEOPEMbl, HEOOXOJUMO TOXKJECTBEHHO MPpeoOpa3oBaTh (YHKIHUIO, Mpeaea KOTOPOH MbI UILEM.
PaccMOTpUM HEKOTOPBIE IPUEMBI PACKPBITUS HEOIIPEIEIIEHH OCTEM.

l. Heonpenesiennocts Buaa 6 .

- B im 5x? +13x+6
EZI/IMC[Z BIYUCIIUTH IIPCACII - 5 -
P, 3x? + 2x — 8

[Ipy mnoacTtaHOBKE BMECTO MEPEMEHHOM X 4Yuciaa -2 BUAMM, YTO MOJy4aeTcs
HEOIIPEEICHHOCTh BHUAA 0 Jns ee packpblTusg pa3ioKUM YHUCIATENIb W 3HAMEHATelb Ha

MHOXKUTEIIM M COKpaTHMM Ha OOIMI MHOXHWTENb Xx+2. B pesynbrare moiyduM HOBBIA Tperern,

3HaMeHaTellb KOTOPOro MpH MOJCTAHOBKE BMECTO MEPEMEHHOM X 4YKciia -2 He paBeH HYNII0. JTOT

Ipezen Jerko BRIYUCIsIeTcs o TeopeMaM. TakuM o0pa3oM, HEONpeaeIeHHOCTh OyAET pacKpbITa.
&3+Lh+6_[0]_hnﬁx+@6x+$ 5x+3 7

o

: _ —1; = =07
lim~>5" M o 5Gr—a) ~ M54 =10
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\/1+x+x2 —\/1—x+x2
[Mpumep. Beraucimts mpenen lim >
x—0 xX° —x

0

[Tpu noxcranoBke x =0 moay4aeTcss HEONPEAEIECHHOCTh BUIA 6 .

YMHOXXHUM YHCIIHTENb U 3HAMEHATEIIb I[p06PI Ha COMPAKCHHOC YHUCIHUTCIIIO BBIPAXKCHUC!

l+x+x*—1+x—x° ) 2x 2
lim = lim = =1

20 x(x — 1)(\/1+x+x +1—- x+x7) x_’ox(x—l)(\/1+x+x2+\/1—x+x2) —-1-d+1)

o0

1. HeonpeaesenHocrs Buga — .
o0

Jl1 packpbITHsI 3TOM HEONPEAEIEHHOCTH HYKHO Ka)KJ10€ ClIaraeéMoe YU CIUTENS U
3HAMEHATeIsl pa3/JielITh Ha IEPEMEHHYIO B HAauOOJbIIEH CTENEHH U YUYNUThIBAs!, YTO BEIMUNHA
oOpaTHast 6ECKOHEYHO OOJIBIION BEIMUNHE €CTh OECKOHEUHO MaJjiasi BEIMYMHA, PACKPOEM
UCXOJHYIO HEOIPEAECICHHOCTD.

_ -3x*+1
ITpumep. Berancmuts npenen lim——————
x>0 2XT 47
3/1ech YuCAUTENb U 3HAMEHATENb HE UMEIOT Ipejienia, T.K. 00a HEOrpaHMUYEHHO BO3pacTatoT. B aTom
0 0]
cllydyae MMEEM HEOIpeneIeHHOCTh Buaa — . JlJis ee pacKphITHSl pa3ieinuM KaKJ0e cilaraeMoe Ha
o0

MEePEeMEHHYIO B HAaUOOJbIIEH CTENEeHH, T.€. Ha Xt [Tomyunm:

5x* 3x? 1 - 3 1
— -+t —+—
4 4 4 2 4 5
. . X X
lim % 4X X = lim—2=%=2
X—>0 2X 7 X—>0 7 2
o T oa 2+ 4
X X X
3 1 7
BeJ'II/I"II/IHI)I o a4 SABJISIFOTCS 66CKOHC'-IHO MaJIbIMHU HpI/I X — 00U ux Hpe)ICJ'II)I paBHLI Hy.]'IIO
X® X" x

CrnenoBaTenbHO, HCKOMBIN ITpeAes paBeH >

2
. X°—=X+3
[Mpumep. Beraucmuts npegen lim ——
xon X 42

o0
HNmeem HCOMPCACICHHOCTh B — . PaSI[eJII/IM YUCJINUTCIIb U 3HAMCHATCIIb HAa X2. HOJIy‘-II/IMI
o0

1 3
2 1-—+—

. X°=X+3 o0 . X XZ 1-0+0
lim———=|— |=Ilim = =0
xon X4 2 o | xow 1+£ 0+0

X x°
3ameuare/ibHbIE MIpPeAeIbl
sin x
IlepBbIii 3aMeuyaTebLHBIN NIPeae: hrré —=1
X—> x

CnencrBus: 1) IImL—l 2) IIm th =1; 3) li lim 1.
-0.sin X x-0 tgX

X—>0

. . . RN
Bropoii 3amMeuaTeIbHBIH Npeae: hm[l +—| =e
X
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1
Caencreue: lim(L+x): =e
x—0

In(1+x)
="

TpeTnii 3ameuartenbHblii npegen: lim 1
x—0

X

. . . a
YeTBepThlii 3aMevaTeabHbIi npeaea: lim =Ihanpu O<a<1,a>1.
x—0

X

YacTto ecnm HEMOCPENCTBEHHOE HAXOXKJEHHE TpeAena Kakod — I1ub0 QyHKIUU
NPEACTABIACTCS CIOXKHBIM, TO MOXXHO IIyTeM IMpeoOpa3oBaHus (QYHKIIMH CBECTH 3a1ady K
HAXOXJCHUIO 3aMEYaTEbHBIX MPEEIIOB.

[Ipumep. Brramcoute npeaen

+3)" gy P +4)" 4Y 4\’
lim| & —liml 20 Sl b=lim| 20| =lim|1+2 | clim|1+= ] =
X—>0 x_l X—>0 x_l y—>0 y y—o y Yoo y

y—)oo

1 42 1 z 4
- {z - Z} - lim(l + —j - lim(l + —j = e
4 Z—®0 z Z—0 z

CpaBHeHHe 0€CKOHEYHO MAJIBIX (pyHKI M
ITyctb a(x) nu P(x) GeckoHeyHO Majbie QYHKIMH TIPH X — A. DTH OCCKOHEYHO Mallble
(YHKIMH MOXHO CPaBHUBATh IO OBICTPOTE MX YOBIBaHHUS, T.€. MO OBICTPOTE UX CTPEMJIEHHUS K
HYJIIO.
Hanpumep, Gynxius f(X) = x'° crpemures k mymo 6sicTpee, dem bynxmms f(x) = X.

beckoneuno Manesie GyHKIUH (x) u [(x) npu x — A Ha3BIBAIOTCS IKEUBATEHMHbIMU

. oa(x
oeckoneuno manvimu, ecnu lim a(x) =1. 3anuceBaT a(x) ~ f(x).
X—>A ,B(x)
[Tpu x—0 >KBUBaJCHTHBIMH OECKOHEYHO MAIIBIMU SBISIOTCS CIAEAyIOIIHe QyHKINU:
1.sin X~ x;
2.9 X ~ X;
3. In(1+x) ~ x;
4.e"-1~x;
X2
5.1-cosx~ —;
2
6.a"—1~xlna;
7.1 +x)* -1~ ax;
8. arcsin X ~ X;
9. arctg x ~ X.
N . 1g5x
[pumep. Haittu npenen lim —;
*=0.81n 7x
Tak kak tg5X ~ 5X u SIin7x ~ 7X npu x— 0, To, 3aMEHHUB (PYHKIHUH SKBHBAJICHTHBIMH OCCKOHEYHO
. 1g5x . 5x 5
MaJIbIMH, TOTyduM: lim — =lm—=—

=0g5in7x 0 7x 7
3

. . X
[Mpumep. Haiitu npegen lim ———.
=01 —cosx

2 3 3
. X X .
Tax kak 1 — COS X = 2sin> = ~ 2[ = npu x—0, To lIm ——— =lim —-=1lim2x = 0.
2 2 x-0 ] —Ccos x =0 x x—0
2
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IIpakTuueckoe 3ansitue Ne 9
Buvluucnenue npouseoonsix, ucciedosanue pynkuyuu

Heas padorel: HayuuTbcs HaXOAUTh IMPOU3BOJAHBIE BBICHIMX HOPAAKOB, NPUMEHSTH IIPABUIIO
JlonuTans K BBIYMCIECHUIO MPEIENOB, MCCIEN0BAaTh (PYHKIHUIO C MOMOINBIO MPOM3BOAHON 1 U 2
MOPSZIKOB.
IMoaroroBka k paGorte: IloBTOpUTH TeopeTHdueckuii Marepuan mo teme «uddepeHunanpaoe
ucurcieHne QyHKIUN OJHON e CTBUTEIbHONW MEPEMEHHOMY.
3ananue Ha 3aHsATHE:

1. Haiitu nmpousBoHbIe CiienyrommX GyHKIHI:

1) y=(7x*+2x-1)°; 6) y=0c0s"x;
2) y=sin(2x-1); 7)y= 1 .
3) y:w?’fxz_Gx; (1+COS4X)5 ’
_ .

4)y:arctg£; 8) y=e™;

x 9) y=e"Intgx;

1 1 1, x-3
5) ¥ =tgx — ~1g°X + -1g°X 10) y=—=In——=.

3 5 )Y 6 x+3
2. Boruucauts npou3BogHble (PYHKUINN B 3aJaHHBIX TOUKaX:

1-10*

1) f(x)= Haiitu f'(0
) F(¥) =15 Haitmn 1°(0)

2) f(x)=%_l Haitru £'(0), £'(2), f'(~2)

3) f(x):InTX Haiitu f'(e) f(%} f'(e?)

3. Beraucnuth npenensl, UCmoab3ys mpapmio Jlomuras.
X —2x"—x+2.

1) lim——;
-l X*—=Tx+6
e’ -1

2) lim
x—0 X

XCOSX—SINX

3 )

3) leLrg "
4) lim a_;

X—=>+0 ¥
5) lim(sinx)*.
x—0
4. WccnenoBarh GyHKIIMU Ha BO3pacTaHue, yObIBAHHE, BBITYKIOCTh, BOTHYTOCTh. HaiiTi TOUKH

IKCTPEMyMa U TOUKH Ieperuoa.
1) f(x)=x%-6x"+x

2) f(x):2x+i2
X
2
x* +1
4) () =(x-1"
5) f(x)=2x*+Inx

3) f(x)=

5. . Haiitu acuMnToThI TpauKOB (hYHKITHIA:
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1) f(x)=§—i2

2) f(x):):_’—i‘1

X -3

3x% -2
6. UccrenoBath QpyHKIMK 1O 0011I€li CXEeMe U TOCTPOUTDH IpauKH.
4

1) f(x)=XI—2x2

3) f(x)=

2) f(x)=

x? -4
3) f(x)=x>-¢*

IMopsinok npoBeaeHNs 3aHATHS
1. TlomyuuTs momyck K pabore
2. BpimonHuTh 3a1aHUS
3. OTBeTUTH HA KOHTPOJIHHBIC BOMPOCHI.

Conep:kanue oruyera:
1. HammenoBaHwue, LI€JIb 3aHATHS, 3a/IaHUE;
2. BrImoaHeHHOE 3a0aHHE;
3. OTBeThI HA KOHTPOJIBHBIC BOIPOCHI.

KoHnTpoJibHBIE BONIPOCHI /151 3aUeTa:
Uto Ha3bIBaeTCs MPOU3BOAHON (QYHKITUN?
Kak HaliT IpOM3BOAHYIO OT CIIOXKHOU (pyHKIINN?
Kak BeIUHCIIUTD YaCTHOE 3HAYECHHUE TPOU3BOIHOM ?
UYro Ha3bIBaeTCsA NPOU3BOAHON BTOPOro Mopsiika? n-ro nopsiaka?
Chopmynupyiite npasuio Jlonurans
JaiiTe onpeneneHue BHIMTYKION, BOTHYTOH (YHKIIMH.
Kak nccnenoBaTh QyHKIHIO BBITYKIOCTh, BOTHYTOCTh?
Yro Ha3bIBaeTCs aCUMITOTaMU rpaduka GyHKIUU?
Kaxkue Bugpl acumnrot Bl 3Haete? Kak onn HaxogsTcs?
. Kak Haiit obnacte onpenenenus QyHKIuu?
. Kak uccnenoBats QpyHKIIHIO Ha YETHOCTh, HEYETHOCTb, IEPUOJUIHOCTD?
. Kak naliti Touku npeceuenus rpaduka GyHKIUU C OCSIMU KOOpAUHAT?
.Kak wuccnenoBath (yHKIHIO Ha MOHOTOHHOCTb, SKCTPEMYMBI, BBITYKJIOCTH BOTHYTOCTH,
TOYKHU Heperunoda?

Boo~NoabkwhE

[ S
WN RO

NNPUJIOKEHUE

Paccmorpum dyuknuto y = f(X) mpu x mpuHamiekanieMy HEKOTOpOMY OTpe3ky [a; b].
BozbMeM Mpou3BOIIBHYIO TOUKY X U3 3TOTO OTpe3Ka.

Ilpouseoonoit ¢pynxyuu f(X) 6 mouxe xo Ha3pIBacTCS MpeAET OTHOIICHHUS PUPALICHHUS
dyukuuu Af(Xo) k npupamiernto aprymenta Ax npu Ax — 0 (eciu 3TOT mpejen CyIecTBYeT).

M) e 100 100)

Takum obpazom, lim ——— =
Ax—=0  AX Ax—0 X=X,
Ecnu 3TOT npeaen KoHeuHbIH, To GYHKIMS Ha3bIBACTCS Oughghepenyupyemoii B TOUKe Xo.
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IIpousBoaHast CJ10:KHOM (PyHKIUH

IMycts y = f(u) rae u = g(X), mpuueM o01acTh 3HAYCHHH (QYHKIHKH U BXOAUT B 00JIACTh
onpenencaus pyHkuuu f, T.¢. 3amana cioxHas QyHKIH.

Ecin ¢yukuus y = f(u) nuddepenuupyema no u, a pynkuus U = g(X) auddepenuupyema
o X, TO IPOU3BOJAHAS CJIOKHOM (PYHKIMM [0 HE3aBUCUMOW IEpEeMEHHOW X ompeaensercs
paBerctBoM: y' = f'(u)-u'(x)

[Tycth ¢ - moctosiHHOE umcio, U = U(X), V = V(X) - Hekotopbie auddepeHIupyeMbie
(GYHKIIUMH, TO CTIPaBEJIMBLI CICAYIONINE npasuila OughghepeHyuposanus.

1) (¢)'=0, (cu)' =cu’

2) (utv) = UV

3) (uv)' = u'v+v'y;

4) (ulv)' = (U'v-v'u)v®

Tabau4HbIC 3HAYCHUS PON3BOAHBIX OCHOBHBIX (DYHKIUH

1 1 1
' 9.(ctgu)' =- sin?u u

10. (arcsinu)' =

1
1 u
. (logau)' = " u' V1-u?

Ina
1 11. (arccos u)' = - L u'
5 (Inu) = Hu 1—u2
6. (sinu)' =cosu u' ‘_ '
7.(cosu)' = -sinuu' 12. (aretg u)'= 1 T
1 1

8.(tgu)' = u' '=- '

(tg u) o520 13. (arcctg u) T

1
[pumep. BeMUCIUTE NPOM3BOAHYIO GYHKIMH: Y = 3/ X — 24X + r
X

Jns HaxoXJeHWs JaHHOM MPOW3BOAHOW CHayana mpeoOpasyeM 3aJaHHyl0 QYHKIHIO: ) =
2 1 -1

Xg —2x2 + XI. Janee Bocnosnb3yemcst | TaOIMYHBIM 3HAUEHUEM:
, 2 %—l 5 %71 7%71 2 % 7% 1 7; 2 1 1
=_--X> —2-ZX* ——X = oXP=X‘f——7X"*= -——=-
Y73 2" T4 3 4 }x Vx4t

2x° +3

Tx*+2

JlaHHas IPOU3BOIHAS BEIYUCISIETCS 110 4 mpaBuiry auddepertmpoBanus (U=2X*+3, v=7x%+2):
(22 +3) - (Tx*+2)—(2x* +3)- (7X* +2)' _ 4x-(7x* +2) = (2x* +3) - 14x

y = = =

[pumep. Beraucants Npou3BOAHYIO0 PYHKIIUU: V =

(7x* +2)? (7x* +2)?
_ 28x° +8x—28x° —42x _ 34x
- (7x* +2)° T (Tx2+2)?

[pumep. Haiitu npou3BogHy0 QyHKIHUH ) = &
Jlannas (QyHKIUA sBIeTca cHoxkHOHW. O6osHaumM U = 3 - 4x, torma y = e". Jlanee
BOCIIOJTH30BABIINCh 3 TAOIMYHBIM 3HAUYECHUEM MTPOU3BOTHOM, TOTYyUHM:
yr: (eU)- =[]y = e3-4x X (3 _4x)y: e3-4x 3 (_4) = _4 e3-4x

[pumep. Boraucmnts npounssoanyio dyskmmn: y = (5x°+3x-7)°
JlanHast QyHKIUS SBISETCS CIOXKHOH. O603HaunM U = 5x°+3x-7, momyunM GyHKmuo y = U°, 1
HAXOXKJICHUS ITPOU3BOIHON KOTOPOI BOCIIONb3yeMcs | TaOIMYHBIM 3HAUCHUEM:
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V' =6U= 6:(5x°+3x-7)° - (5x°+3x-7)' = 6:(5x°+3x-7)° - (10x+3).
IIpousBoaHbIe BHICIIUX MOPSIKOB
[Mycte  ¢yukmus  f(X)- auddepeHnupyeMa Ha  HEKOTOpPOM  HMHTepBaye. Toraa,

muddepeHnupys ee, moxy4aeM IepByro NpousBoanyw ' = f'(x) = @
X
Eciu Haiitu npousBoanyto Gpyukmuus f1(X), mosyduM BTOpPYIO Npou3BoaHy0 GpyHkimu f(X):
”n ”n dzf(x) U AY4 dzy d (dyj
= f"(x)=—"2~,1e.¥Y'= WJIH =——=|.
V== iy =
cd'y _dfd"y
DTOT MpPOIECC MOKHO TPOIOJKUTE U Jlajlee, HaX0/is MPOM3BOHBIE CTEMEHH N —— = —| —=
dx"  dx\ dx

PackprbiTue Heonpenesnennocrei. Illpasuino Jlonurans

Teopema Jlonumansn. Ecim Gynxiuu f(X) u g(X) muddepeHunpyemMbl B OKPECTHOCTH TOYKH
@, HETPEPBIBHBI B TOYKE ¢, §(X) oTiamuHa OT HyJst B okpectHocTH Touku « u f(@) = g(@) = 0, o
npesiesl OTHOUICHUsT QYHKIMIA MPU X —a PaBeH MPeAeay OTHOIICHHS WX IPOU3BOJHBIX, €CIIU ITOT
npenesn (KOHEYHBINH WM 0€CKOHEUHBIN) CYIIECTBYET.
lim ) _ )
x—a g(x) x—a g’(x)
3ameuanue. Teopema ocTaercs B CUJIC U B TOM Cllydae, KOrja B TOUke X = a GyHKuuu ¢ (X)
u y (X) oOpaiaroTcst B 0ECKOHEYHOCTb.

o o0
Ipaeuno Jlonumansa. Jns packpbiTUsS HEONPENEICHHOCTEN 0 U — HaJ0 3aMEHUTH
e}

npeaen OTHOLIEHHs NBYX (GYHKIMI TMpeIesioM OTHOIIEHUS WX MPOHM3BOAHBIX. Ecnu oxaxercs,
YTO OTHOUIEHHE MPOU3BOAHBIX UMEET KOHEUHBIN MpEeAea, TO K ITOMY K€ Mpeaeny CTPEMUTCS U
OTHOIICHUE JaHHBIX (QYyHKIWMN.
. . x*—1+Inx
[Ipumep: Haiitu npegen lim ——.

x—>1 ex —e
HpI/I IIOIIBITKE HeHOCpeI[CTBCHHOFO BBIYHUCJIICHUSA Hpeﬂeﬂa HOHy‘{aeTCﬁ HeOHpeﬂeHeHHOCTB BHUIa 6 .
q)yHK]_II/II/I, BXOOAIIIUMEC B YUCINUTECIb U 3HAMCHATCJIb I[pO6I/I leOB.HeTBOpSIIOT TpeGOBaHI/IHM TeOpeMBI

1

, 2x+—

x2—1+]nx:h.mf(x): x  2+1 E
e

X

Jlonmrans: f(x)=2x+ ! : g(x) = €. Torma lim
X -l et —e =1 g'(x) e e
Ecii npu pelieHny npuMepa nocie IpuMeHenus npasuia JIOnuTas momnbITKa BEIYUCIUTE
npezen ONATh MPUBOJUT K HEONPENEIEHHOCTH, TO IPaBHiIo JIOMUTANIA MOXKET ObITH NPUMEHEHO
BTOPO#1 pa3, TPETHii U T.JI. MOKa He Oy/eT MOoJydeH pe3yabTaT. ECTECTBEHHO, 3TO BO3MOXHO TOJIBKO
B TOM CJlydae, €CJId BHOBb IOJy4€HHbIe (QYHKIUHM B CBOKO OYEPE/b YAOBIECTBOPSIOT TPEOOBAHHIM
Teopembl Jlonurains.

X

. . e -
[Ipumep: Haiitu npegen lim -
=0 x—sinx

e —2x

0
[Ipu nmoxacranoBke x = 0 moiy4aeTcsi HEONPENEIEHHOCTh BHUAA 0 [Ipumenum npaBuino

Jlomurtans. Haiizem nOpouM3BOmHBIE  YHMCIUTEAS ©  3HaMeHarens: f(x)=e' +e * —2;



, . e +e -2 1+1-2 0
g'(x)=1—cosx u mojacraBuM ux B mpenen: lim = =— - OIAThH IIOJYy4YHJIaCh
x>0 ]—cosx 1-1 0

Heomnpe/eeHHOCTh. [Ipumennm npaBuiio Jlonurans eme pas. f"(x)=e* —e
ef—e" 1-1 0

—-X

; g"(x)=sinx;

lim — = — - mpuMeHseM npasuiio Jlonurans eie pas.
x—0 sinx O 0
X —X
_ . e +e 2
f"(x)=e"+e"; g"(x)=cosx; lim——===2.
=0 cosx 1

Jlns  packpeITMs JApyruX HeompeneneHHocTeir 0-00, oo—oo, 17, 0° mx crmemyer

0 0
HpeIBapUTEIbHO TPE0OPa30BaTh K HEOMPEACICHHOCTH BU 1A o 17017 g
e 0]
1
: Inx oo .oy L
Hpumep limxInx=[0-00]=lim—==|— |=lim—*-=lim(-x) =0
x—0 x—>0 1 o0 x—0 1 x—0
X X2

Heonpenenennoctn Buma 0°; 1°; o0’ MOXHO PacKphITh ¢ MOMOIIBIO JTOTapH(MHUPOBAHHS.

Takue HeolpeneIeHHOCTH BCTPEUYaroTCs IPH HAXOXKIEHUU MpeeoB QYHKIUI BUga y = [f(x)]g(x),

f(x)>0 B OKpeCTHOCTH TOYKHU a TPH X—> . JIJst HAXOXKAECHHUS Tpesena Takoi QYHKIIMH JOCTATOYHO
HaiTu npeaen pyakuuu Iny = g(x)Inf(x).

[pumep: Haittu npegen lim x*.
x—0
x>0

3mecs ¥y = X5, Iny = xInx.

) ) . Inx [|mpasuno ) 1/x .
Torma limly =lmxlnx =lim— = =lim——=—-limx =0;
x—0 x—0 =0 1 Jlonumans x—0 — 1/x2 x—0
x>0 x>0 x>0 — x>0 x>0
X

CnenoBatenbHo limlny=Inlimy=0;, = lmy=Ilmx" =1
x—0 x—0 x—0 x—0
x>0 x>0 x>0 x>0

I'paduk pynkium f(X) Ha3pIBaeTCs évimykavim Ha wHTEpBaie (a; D), eciM OH PacHoJIOKEH
HI)KE KacaTeNbHOW, MPOBENCHHONW K JoOod ero Ttouke. ['paduk ¢ynkuuu f(X) HaspiBaercs
60zHymoulm Ha uHTEpBase (a; b), ecnu oH pacmosiokeH BhIIIE KacaTeIbHOM, MPOBEACHHON K JTH00 0
€ro TOYKe.

Teopema (0ocmamounoe ycinogue vinykiocmu, ocHymocmu zpaguxa ¢yukyuu). Ecnu
byukuus Y = f(X) umeer Ha uateppaie (a; b) Bropyro npousoanyo f”(X) 1 oHa moJ0KUTEIBHA, TO
¢GyHKIMS BOrHyTa Ha 3ToM HMHTepBajie. Ecmu ke f”(X) orpunarensha Ha wHTepBase (a; D), To
(GYHKIMS BBITYKJIA HA ’TOM HHTEPBaJIC.

Touka rpaduka (yHKIHH TpPU TEPEXoJe 4Yepe3 KOTOPYI KpHBas MEHSCET HalpaBJICHHUE
BBIITYKJIOCTH, Ha3bIBACTCS MOYKOU nepecuda.

Teopema (0ocmamounoe ycnoeue cywiecmeosanus mouku nepezuvba) Ecnu yHkus y =
f(x) umeer na uHTepBaie (a; b) Bropyro npousBoanyio f(X) u npu nmepexome yepe3 TOUKY X = Xp
f”(X) MeHsieT 3HaK, TO TOYKa KPUBOU € aOCIMCCON X = Xo SABISETCS TOYKOU meperunoa.

Acumnmomoil Kpueou Ha3bIBacTCs MpsAMas, K KOTOPOH HEOrPaHUYEHHO MPHOIMKACTCS
rpaduk QyHKIHH.

Crenyer OTMETUTh, YTO HeE Jt00as KpHBask MUMEET aCHMITOTY. ACHMIITOTHI MOTYT OBITh
npsiMble M HaKJIOHHBIE. MccnenoBanue GyHKINN Ha HATMYHUE aCUMIITOT UMEET OOJIbIIOE 3HAYCHUE
U M03BOJISICT 00JIee TOYHO OMPEICITUTh XapakTep QYHKIIMU U MOBeIeHHE I'paduka KPUBOI.



Pa3nuaroT Tpu BHJa aCUMITOT: BEPTUKAIBHBIE, TOPU30HTAIbHBIE U HAKJIOHHBIE.
Bepmuxanvuvie acumnmomst. Ecmu lim f(x)=o, lim f(x)=o, wm lim f(x)=oc, TO
x—>a—0 x—a

x—a+0
npsiMasi X = @ SBJSETCS BEPTHKAJIBHOW acMMOTOTON KpuBoit Y = f(X). BepTukanbHble aCHMIITOTHI
OOBIYHO COMPOBOXKJAIOT TOYKM pa3pblBa BTOPOrO poAa M €ciad (QYHKUMsS HENpepbiBHA, TO
BEPTUKAJIbHBIX aCUMIITOT HET.

Hampumep, nist ynkuun  f(x) = npsMasi x = 5 SBIIIETCS BEPTUKAJIBbHON aCUMIITOTOM.

Haxnounwte acumnmomut. Haxionnast acumMnToTa 3aaaercs ypasuenueMm Y = KX + b. J{ns Tounoro
OIpe/eNieHHs] ATOH MpsiMOM HeoOxoaumo Haitn koddduuuentet K u b. OHm HaxomsTcs

claeayrommM odopasom: k = lim RAC), . b =lm[f(x) - kx]

X—>0 X

Topuzonmansusvie acumnmomasl SBISIOTCS YaCTHBIM CITy4aeM HaKJIOHHBIX acuMnTot rpu K =0.

9x

[Tpumep. Haiitn acumMnToTsl pyHKIUU p = Py

[Ipsmble x = 3 U x = -3 SABISAIOTCA BEPTUKAIBHBIMU aCUMITOTAMHU KPUBOW, T.K. B 3THX TOUYKaX
(GYHKIUSI UMEET pa3phIB 2-TO poja.

. . 9 .
HalimeM HakJIOHHBIE AaCUMITOTEHL: Kk = 11m9—2 =0, cmemoBaTeIbHO, HAKIOHHOM aCHMIITOTHI
X—>00 — x

. . 9x )
ynkuns we wumeer. Haiigem b =Ilm-—— = lim—*—=0, e. y = 0 — ropusoHTanbHAS
X—>0 9 —-x X—0 9 1
-
X
ACHMIITOTA.

Cxema ucciie10BaHusA (PYHKIUH

1. Haiitu oOnacth ompeneneHuss (QyHKIMHM M ONPENETUTh TOYKH pa3pblBa, €CIU OHH
UMEIOTCS.

2. YCTaHOBUTH, sBNseTCS (QYHKUMS YETHOW MM HEUYETHOW WJIM HU TOW HU Apyroi. Ecim
(GyHKIMS YeTHAa WIM HEYEeTHA, TO JIOCTAaTOYHO paccMOTpeTh ee 3HadeHus npu X>0, a 3atem
CUMMETPUYHO OoTHOcHUTENbHO ocu OY miM Hayana KOOpAMHAT BOCCTAHOBHTH €€ M I 3HAUYCHHH
x<0.

3. MHccnenoBaTh (GYHKLUMIO Ha MEpUOAMYHOCTb. Ecnmm QyHKIus nepuoaudeckas, TO
JIOCTaTOYHO PACCMOTPETH €€ Ha OJHOM IIEPUOJIE.

4. Hailtu Ttouku mnepecedeHus rpaduka QYHKIMH C OCSIMHU KOOpPAMHAT (€Ciu 3TO
BO3MOJKHO)

5. IlpoBectn uccienoBanue pyHKUHUH Ha SKCTPEMYM M HAaWTH MHTEPBaJbl BO3PACTAHUS U
yObIBaHUS PYHKIIUH.

6. Haiitu Touku nepern6a KpUBOW U MHTEPBAJIBI BBITYKJIOCTH, BOTHYTOCTH (DYHKIUH.

7. Haiiti acumnToThl rpaduka GyHKIUH.

8. Tlomw3ysick pesyibTaTaMu maroB 1-7, crpost rpadpuk Gyakmuu. MHorma mist OosbIiei
TOYHOCTH HaXOJSIT HECKOJIbKO JIOMOJIHUTENIBHBIX TOYEK; UX KOOPAMHATHI BBIYUCISIOT, MOJb3YSICh
YpPaBHEHUEM KPUBOM.

[Tpumep. MccnenoBats GyHKIHUIO y = U TIOCTPOUTH €€ TpaduK.

2

x —

1) O6nacteio ompeneneHuss QYHKIUH SBISIOTCSA MPOMEKYTKH (-00; -1) U (-1; 1) U (1; ).
OO0nacThIO 3HAUCHUH TaHHOW (QYHKIIUH SBJICTCS HHTEPBAI (-00; ).

Toukamu pa3peiBa GyHKIHMHU ABISIFOTCA TOYKH X = 1, X = -1,
3

X
2) @yHKuus ABIAETCA HEYETHOH, T.K. Y(—X) = ——; 1 =—y(x).
X —




3) ®DyHKuUSA HE TEPUOIUYCCKAS.
4) Tpaduk nepecexaer ocu koopauHat B Touke (0; 0).
5) Haxoaum KpUTHUYECKHUE TOYKH.

. 3x7(x* =1)=2x-x° B 3x* =3x7 —2x*  x*-3x?

(x* 1) =17 (x*-1)
Kputnueckue Touku: X = 0; X = -3ix=43; x=-1; x=1.

HaxonuM mnpoMexyTKud Bo3pacTaHusi W yObIBaHMsI GyHKIUH. s 3TOro ompenenseM 3HAKU
MPOU3BOAHON (YHKIIMH HA TPOMEXKYTKAX.

0 <X < -4/3, y’> 0, pyHKIUS BO3pacTaeT
-3 <x<-1, y' <0, dbyHkus yosiBaeT

-1<x<0, y' <0, ¢yHknus yosiBaer
0<x<1, y' <0, ¢yHkuus yosiBaer
1<x< 43, y' <0, ¢yHkuus yobiBaer
V3 <x <o, y'>0, ¢yHKUMs BOo3pacTaer
BuHo, 9T0 TouKa x = -~/3 SBISETCA TOUKOM MaKCUMyMa, a TO4YKa X = V3 sBusercs Touxoit

MUHHUMYMa. 3HaueHUs PYHKIIMH B THX TOYKaX PaBHbI COOTBETCTBEHHO 3 J32u-3312.

6) Haiinem BTOpYIO NPOU3BOIHYIO (PYHKIIUU
= (4x® —6x)(x* = 1) —(x* =3x")4x(x* - 1) B

(x* =1
B (4x —6x)(x* —=2x* +1) — (x* —3x7)(4x’ —4x) B
(x* =1)*
_4x” —8x7 +4x —6x° +12x° —6x—4x’ +4x° +12x° —12x°
(x* =1)°
B 2x° +4x° —6x B 2x(x* +2x% =3) B 2x(x* +3)(x* =1) B 2x(x* +3)
(-1’ & -1 & -1 @ -1

OrnpeneiuM BBITYKIOCTh U BOTHYTOCTh KPUBOM Ha MPOMEXKYTKaX.
-0 < X< - \/5, y"" <0, KpuBas BBITYKJas

3 <x< -1, y"" <0, KpuBas BbIIyKJas

-1<x<0, y'" >0, xpuBas BOrHyTas

O0<x<1, y'" <0, KpuBas BBITYKJIasi
1<x< \/5, y"" >0, xpuBas BorHyTas
V3 <x< 00, y"" >0, KpuBas BOrHyTas

7) Haiinem acumnTorel kpuBo. [Ipsmble x = 1, x = -1 sBIAIOTCA BEPTHKAIbHBIMU

ACUMIITOTaMH, T.K. B HHUX OAHOCTOPOHHHUC IIPCACIIbI PaBHBI 0ECKOHEUYHOCTH. Tenepb HaﬁIIGM
HaKJIOHHBIC aCUMIITOTHEI.



) X )
k =lim =lim———=1;
x~>oox2_ xX—>0 1
T2
X
3 3 3 —
) X —x +x ) .
b =1lim > —x |=1lim = =lim—2—=0
x| y° — X—>0 x2 — X—>0 x2 —1 X—>0 1

YpaBHEHUE HAKJIOHHOM aCUMIITOTBL: Y = X.

8) Iloctpoum rpaduk GyHKIIUU IO pe3yIbTaTaM HUCCICIOBAHMS.

4 =




IIpakTHyeckoe 3ansitue Ne 10
Buiuucnenue npuonuscennvix snauenuii gynkyuu. Ouyenka nozpewtnocmu

Heanr padoTwl: Hayuuthes HaxoauTh nuddepeHnuan GyHKIHUHA, BBIYUCIATH MPUOIMIKCHHBIC
3Ha4YCHUsI (PYHKIMH, MpUpaleHUs GYHKIUH ¢ TOMOIIBIO TuddepeHiaia

IMoaroroBka k padore: [loBTOpUTh Teopernyeckuii Matepuan mo teme «JIuddepenunansaoe
ucuucieHne PyHKIUU OJHON NeHCTBUTENBHOM MepeMeHHOI»

3ananue Ha 3aHATHE:

1. Haiitu mud depeHipans cieayro mux GyHKINI:

1) y =+v/x*-3x
2) y =arccos x°
3) y =cos® x
4) y=e"

5) y:L B TOouKe x = 1.

2x
2. Haiftn npubmmkennoe 3HaueHne npupanienns ¢pyakuun f (X) = %Xs +x* -5, mpu

M3MEHEHUU aprymenTa ot x =3 nox = 3,1

1. Ha cKOIBKO IPHOIMKEHHO H3MEHHTCS 3HAUCHHE CTENEHH 2°, eCIIH OCHOBAHHUE
yBeanuures Ha 0,003?

2. CropoHa KBaJpaTHOTO JIMCTA JKECTH, paBHas 15 cM, mocie HarpeBaHus yBeIHMYHUIACh Ha
0,001 cM. Beraucnure npuOIMKEHHO, Ha CKOJIBKO M3MEHHIIACH TIIOIIA b ATOTO JIMCTA.

3. Haiitu npubnmxeHHoe 3HaueHne QyHKINU:

1) y =+v/x®—2x B Touxe x = 1,96
2) y=xIn(x—-2) B Touke x =3,012
4. BpuucauTh NpuOIMKEHHBIE 3HAUCHUS:
1) (1,025)%
2) ¥/31
3) £ 0005
4) 229
5) cos61’

IMopsinok mpoBeaeHUs 3aHATHUS:
1. TlomyuuTs gomyck K paboTe
2. BrimosHuTh 330aHUS
3. OTBeTUTH Ha KOHTPOJBHBIC BOMPOCHI.

Copep:kanue oruera:
1. HaumenoBaHnwue, Lieab 3aHATHS, 3aJIaHHUC;
2. Brimonnennoe 3agaHue;
3. OtBeTbl Ha KOHTPOJIbHBIE BOMPOCHI.

KoHnTpoabHbIe BONPOCHI 115 3a4eTa:
1. Yro HaseBaercsa quddepennnanom ¢ynkun? Kak naittu nudpepennnan Gynxkumun?
2. Kak c¢ nomompio auddepeHnnana BBYUCIUTh NPHOIMKEHHOE 3HA4YEHHE (YHKIINH,
npupanieHus: yHKIUu?



IMPHJIOKEHUE

Jugpgpepenyuanom dyuxnuu f(X) B Touke xo Ha3pIBaeTCsA JIMHEHHAS OTHOCHUTEIBHO AX
¢yakmust  f'(X,)AX, cocTaBisomas TIABHYIO YacTh MNpPUpAINCHUs (QYHKIUH B TOYKE Xo.

O6o3nauaercs df(xg) nmu dy. Beraucnsercs o popmyae: dy = f1(x)dx.

. . 1
[pumep. Haiitn nuddepennman GyHKIHHA y = X COS X Sin X + 5 cos’ x.

1. 1 .
CHauvana npeoOpa3yeM JaHHYIO pyHKIHIO: ) = Esm 2x + Ecos2 X , HAalJeM TIPOU3BOIHYIO

!’

y :%sin2x+%chos2x+%2cosx(—sinx) :%sin2x+xcos2x—sinxcosx = XCOSs 2x.

Torna nuddepenuman 6yner papen dy = X cos 2xdXx.

IpubdauxeHHbIe BBIYUCIEHHUS ¢ IOMOLIBIO U PepeHI AT
1. Beruncienue npubamxeHHOro 3HadeHus npupamienus pyaxkuun: Af (X,) = df (x,)

[pumep. Ilonb3ysce noustueMm auddepenunana GyHKUNUN, BBIUUCIUTD NPUOINKEHHO
u3MeHenne GyHKIUH y = x° — 7x° +80 npu n3MeHeHnH apryMenTa ot 5 10 5,01.
Haiinem muddeperuman gpyakmmu dy = (3x° —14x)dx. IToxcraBum 3Havenus xo = 5, Ax = 0,01.
[omyunm Af (x,) ~ (3-5* —14-5)-0,01=0,05

2. Beoruucnenue npuomkenHoro 3Hauenus pynkoun: (X, + AX) = f(X,) +df (x,)

[pumep. BoraucinTs mpuOImKeHHOE 3HaYEHHE ¢ TOMOMBI0 auddepenmuana 1,998°,
Paccmorpum pynkmmio f (X) =~ x°, re x = 1,998. Pazo6beM x Ha xo 1 Ax (x = X + Ax), IycTb xo
=2, torma Ax = - 0,002.

Haiinem 3nauenne f(x,)=2° =32, df (x)=>5x"dx, df(x,)=5-2*-(-0,002) =016
Torma 1,998° ~32 - 0,16 = 31, 84.

IIpakTuueckoe 3ansTue Nell
Pewienue npukiaonsix 3a0a4 ¢ HOMOUbI0 ONPEOeeHHO2Z0 UHM eZPpaa

Heab padorei: HaydyuThcst BBIYUCIATH ONpeNeTeHHbIe HHTErPaibl, HAXOAUTh IIomaau Guryp,
OTrpaHUYEHHbIX JIMHUSIMH, OOBEMBI TEJl BpaleHUS.

IloaroroBka k pabore: IloBropurh TeopeTmdyeckuii Mmarepuan no teMme «MHTerpaapHOE
MCYHCIIeHnE PYHKIIUU OJTHOM AW CTBUTEIBHON MTEPEMEHHOMN .

3anaHue HA 3aHATHE:

BAPHUAHT 1
1. Beruucnute paboTy, COBEPIICHHYIO MPU CXKATUU MPYKUHBI HAa § CM, €CIIU Ui CHKATUS
ee Ha 1 cM HyXHO mpwiIokuTh crity B 10 H.



2. CKOpOCTb JIBHIKEHHS TOYKH MEHSAETCS M0 3aK0Hy V = 4t — t re V — ckopocts, M/c; t —
Bpems, C. BBMMCINTB: IyTh, NPOWJIEHHBIA TOYKOM 3a TPETBIO CEKYHAY IBW)KCHMS; IIyTb,
IIPOMIEHHBIN TOYKOM 3a IPOMEXKYTOK BpeMeHH [0; 6].

3. Haiitu muiomaap GUrypel, orpaHUuEHHOM JIMHUSM U
1) y=x>2-8x+16; y=6-X
1

2) V= ; x =-3,x=—1, ocero abciucc

3) y=x*—-2(>0),y=-1,y=7,x=0

4. Haiitu 06beM Tena, 00pa30BaHHOTO BpallleHuEM BOKPYT ocl Oy KyOU4ecKoi mapadoJibl

y=x3 B npeaenax ory =1moy =8
BAPUAHT 2
1. Beiuucnute paboTy, COBEPUICHHYIO NPU PACTSDKEHUM NPYKUHBI HA 6 cM, €ciu I
CKaTHA ee Ha 3 CM HY)KHO IPHIIOKUTh cuity 15 H.

2. CKOpOCTh TOYKH, IBWOKYIIEHCS MPAMOJIMHENHHO, 3ajaHa ypaBHeHUeM V = 62— 4t — 10,
cMm/c. BbluMcnuTh: MyTh, HNPONIAEHHBIA TOUKOW 3a mepBble 4 CEKYHIbl IBUXKEHHUS; NYTb,
IIPOMICHHBIN TOYKOM 32 YETBEPTYIO CEKYHAY JBUKCHHS.

3. Haiitu muiomaapr Gurypel, orpaHUYEHHON JIMHUSIMMU:
1) y=x2-6x+9; 3x-y-9=0
2
X 2
2 =— y=4-=x°
) Y=gy 3
3) y=+x-1,y=1,y=0,x=0

4. Bpraucautb 00beM Telna, MOJAYyYEeHHOTO OT BpallleHHus BOKPYT ocu Ox Tparenuu,

oOpazoBaHHOI nmpsiMbiIMu Y = X, x =4, x = 6 1 ocbIo abcIuce

2
BAPUAHT 3
1. Beiuucnure paboTy, coBepiiaeMyro Hpu cxaTuu npyxuHsl Ha 0,05 M, ecnmu s ee
cxatus Ha 0,02 m Hy>kHa cwta B 10 H.

2. CKOpOCThb TOYKH, IBWXKYILIEWCS MPSAMOJMHENWHO, 3aaHa ypaBHeHneM V = 3t2 — 2t — 1,
M/c. BbluMcInTh: myTh, NPOHAECHHBIM TOYKOW 3a 5 CEKyHJ MOCI€ Hayajna ABW)KEHUS; IYTb,
IIPOMIEHHBIM TOUKON OT HayaJla IBM)KEHUS 10 €€ OCTAHOBKH.

3. Haiitu miomaapr Gurypel, orpaHUuEHHON JIMHUSIMHU:
1) y=—-x2+6x-5, y=0;
2) y=x y=x
3) y=16x"y =2, 0cbl0 OpAUHAT
4. Bpraucnutb 00beM Telna, MOJTYyYEeHHOTO OT BpalleHus BOKpYT ocu Oy Tparenuu,
00pa30BaHHON NPAMBIMH Y = 3X, ¥ = 2, Y =4 1 OCbIO OpJAHHAT
BAPUAHT 4
1. Beruucnute paboTy, COBEpIIEHHYIO MNpHU CXKAaTUW NPYKUHBI Ha 6 cM, eciau JJis
pacTsbKeHus ee Ha 1 ¢M Hy»KHO NpUIoKUTh cuiy B 10 H.

2. CKOpOCTh TOYKH, JBMKYIICHCS MPAMOIMHENHHO, 3a7aHa ypaBHEeHHEeM V=24t — 61>, m/c.
Bpruuciuth: myTh, NPOWIEHHBIA TOYKOM OT Hadala [BUXKEHUS [0 €€ OCTaHOBKH; IyTb,
MIPOMICHHBIN TOYKOH 332 BTOPYIO CEKYHAY JBUKEHUS.



3. Haiiti miomans Gpurypsl, orpaHIYCHHOW JTMHUASMU:
1) y=x*+1,y=2x+9, x=0, y=0

2) y=e>, x:—%,x=1

3) x+2y-8=0,y=1,y=3
4

4. KpuBoJMHEHAs Tpanelus, orpaHudeHHast rurnep0oioi V = — u npsMbIMHU X = 3, X =
X

12 Bpamaetcs Bokpyr ocu Ox. Haiitu o0bem Tena BpalieHus.

BAPHUAHT 5
1. Beruucnute paboTy, KOTOPYIO HYXKHO 3aTpaTHTh, YTOOBI PaCTAHYTh NIPYKUHY Ha 6 cM,
eciu cuna 1 H pactaruBaet ee Ha 1 M.

- 2

2. CKopoCTb ABM)KEHMsI TOUKU MEHseTcs 110 3aKOoHY V = 4t — t°, rae V — ckopocTh, M/c; t —

Bpems, C. BpIUMCIUTH: IyTh, MPONIEHHBIM TOYKOW 3a IEpBbIE 3 CEKYHIbl IBUKEHUS; IyTb,
IIPOMICHHBIN TOYKOW OT Ha4aJla ABUKEHUS 10 €€ OCTAHOBKHU.

3. Haiitu miomaap Gurypel, orpaHUuEeHHON JIMHUSIMH:
1) y=x2-2x+3, y=x+3
2) V’=x, y=1x=8

3) x= \/; ,¥y=1,y=4, oCbl0 OpAMHAT
. . 1.,
4. Haiiti 00beM Tena, MOJIyYeHHOr0 OT BpallleHUst KpUBOM y = " x° BOkpyr ocu Oy B

npenenax ory =110y =5

IMopsiiok mpoBeaeHUsT 3aHITHSA:
1. TlomyuuTs Aomyck K paboTe
2. BrimmosHuTL 3a0aHUS
3. OTBeTUTH Ha KOHTPOIBHBIC BOMPOCHI.

Conep:xanue oTyera:
1. HaumeHoBaHUe, 1Ie)Ib 3aHATHS, 3aaHNUE;
2. BrmonHeHHOE 3a/1aHUE;
3. OTBeTHI Ha KOHTPOJBHBIE BOIPOCHI.

KounTpoJibHbIe BOPOCHI /14 3a4eTa:
1. Kak HalTH 1UIom@aab KpUBOJIMHEHHOW Tpanmenuu? MoXeT 1M OHa MOJyYUThCS
OTPHIIATEIFHON, PABHOM HYJIIIO U MTO4YeMYy?
2. B uyem 3akiodaercsi reOMETPHUECKHI CMBICIT OMPEESICHHOTr0 HHTEerpaia?
3. B uem 3axmouaercs GuU3NYECKUil CMBICIT OIPEeTICHHOT0 HHTEerpaa?

HNPUIIOKEHHUE

Boruuciienune miomaaei mIockux Guryp ¢ noMoIubI0 Onpeae/IeHHOr0 HHTerpaia

C moMouIpo OMmpeaeeHHOr0 HHTErpajia MOKHO BBIYUCIIATH TUIOMIAIA TIJIOCKUX (uryp,
TaK KaK 3Ta 3a/1a4ya BCEr1a CBOJAMTCS K BBIYMCIICHUIO TUIOIIAAEH KPUBOJIMHEUHBIX Tparenui.



[Tnomanpr Besko Qurypsl B HpSAMOYroJbHOM CHUCTEME KOOpPAMHAT MOXKET OBbITh
COCTAaBJICHA U3 IUIONIA/IEN KPUBOJIMHENHBIX Tpanenui, npuieraromux K ocu Ox uimm k ocu Oy.

3ajaun Ha BBIYMCIEHHUE IUIOINAZECH MJIOCKMX (QUryp yAOOHO pemaTth IO CIEAYILEMY
IJIaHy:

1. Tlo ycnoBuIo 3a/1auu clieslaTh CXEMaTUYECKUI YepPTex

2. IlpeacraBuTh HMCKOMYIO IUIOIIAAb Kak CyMMy WM pa3HOCTh  IIJIOMLIAJeH
KpPUBOJIMHEMHBIX Tpaneuui. W3 ycioBus 3agaud M 4YepTexa ONPEdeISIIOT MpPEaesbl
WHTErPUPOBAHHUS ISl KAk 0N COCTABJISAIONIEH KPUBOJIUMHEHHOMN TpaIenH.

3. 3BanmceBalOT Kaxayo GyHKIwo B Bujae y = f(X).

4. BpMUCIAIOT TUIOMIAAU KaXJ0M KpPUBOJMHEHHOW Tpamenuu M IUIOIIAAb HCKOMOM
¢buryps.

PaccMOTpUM HECKOJIBKO BapUAHTOB PACHOJIOKEHUS GUTYP.

1) ITyctb Ha otpeske [a; b] pynkims f(X) npuHUMaeT HeoTpunareabHbie 3HaueHus. Toraa
rpaduk pynkiuu y = f(X) pacnonoxen Hax ocbro Ox.

b
[Tnomans Takoi GUIryphl BEIMUCIIETCS 10 hopMyite: S = J f (x)dx
a
2) Ilyctp Ha otpe3ke [a; D] HemonoxutenpHass HempepbiBHas ¢ynknus f(X). Torma

rpaduk ¢pyukiun y = f(X) pacronoxen noa oceto Ox:
b

[Tnomaap Takoi GUIrypbl BRIYUCIICTCS 1O hopmyie: S = - I f (x)dx
a
3) durypa orpaHuveHa IByMs HenpepbiBHBIMU KpuBbiMu Y = f(X) u y = g(X), mpuuem
f(x) > g(x) na orpeske [a; b].
b
[Tnomaas Takol GpUIyphl BEIYUCISETCS 10 Gopmyie: S = j(f (X) — g(x))dx
a
4) Ilycts Ha otpeske [@; b] ¢ynkuus f(X) mpuHMMaeT Kak MOJOKHUTEIbHBIC, TaK H
oTpHUlaTeNbHBIE 3HaUeHHs. Toraa oTpe3ok [a@; b] Hy)KHO pa30WTh Ha TaKWE YaCTH, B KaXIOU M3
KOTOPBbIX (YHKIIUS HE M3MEHSCT 3HAK, 3aT€M I10 MPHBEACHHBIM BbIlIe (HOPMYJIaM BBIYUCIUTDH
COOTBETCTBYIOIIME dTHM YaCTAM ILIOMIAIN M HaliIEHHBIE IJIOMIAH CIIOKHUTh.

IIpumep 1. Bpruucoutes momans ¢burypsi,
OTpaHUYCHHON JTMHUSMU: y2:9x, x=16, x=25, y=0.

y¥ =ox Jns moboro 3HavyeHus x €[16;25] obyHkums

Yy =+/9X  NOpPUHUMAECT IOJOXKUTEIbHBIE 3HAYCHMUS,
[O3TOMY IUIOIIAJAb 3aJaHHON (QUIypbl HaXOIUTCA IO

25 3/2
0 is a5 ¥ (opmymne: S = I@dx :3;/—2‘122 = 2x\/;‘12§ = 2(125-
16

64) =122 (xB.ex.)
Borunciienne 00bema TeJia BpalieHUs

PaccMoTpuM KpHBYIO, 33/IaHHYIO ypaBHEHUEM Y
= f(x). Ipeamomoxum, uto ¢yukuus f(X) HempepsiBHa Ha otpe3ke [a, b]. Ecmm
COOTBETCTBYIONIYIO €i KPUBOJIMHEHHYIO TPAICIUI0 ¢ OCHOBAaHUSAMH a M D Bpamiate BOKpYr ocu
Ox, TO TOJy4uM TaK Ha3bIBaEMOE Me0 epauienusi, 00BEM KOTOPOrO MOXET OBITh JIEIKO
HaiieH o gopmyre:

V= n.b[fz(x)dx



AHanoru4no, o0beM Tenla BpalleHHs BOKpyr ocu Oy KpPHBOJIMHEHHOW Tpareruy,
OrpaHMYCHHOIN HempepbIBHON KprBOH X = ¢(Y), OChIO OPAMHAT U ABYMS NpsIMbIMH y = ¢, y = d
(c < d), Haxomurcs o hopmysie:

d
V =z[p*(y)dy

[Ipumep 2. Haiitn oObem Tena, o0pa3oBaHHOTO BpalleHHEM BOKPYr ocu Ox Qurypsl,
OJTHOM TIOYBOJIHOM CHHYCOUIBI Y = SiN X 1 nipsimbiMut x = 0, x = 7.

Pewenue. llpumensiss nmepByro GOpMyJTy ISl BRIUUCICHUS 00beMa, TOTYyIUM:
2

Vv :7zJ'sin2 xdx :jﬂdx:z(x—lsin ZXJE:E—
) )2 2172 0 2

[pumep 3. Beruucnuth 00beM Tena, 00pPa30BAaHHOTO BpallleHHEM BOKpYyr ocu Oy
¢burypsl, orpaHUYeHHON JIMHUSIMU: x =,/y,y =1,y =4.

Pewenue. Ilpumenum BTOpyro GopMyIly ISl BRIYUCIEHUS 00BEMA.

v :ﬂj(\/;)zdy:ﬂ-y—;f:%-(m—l):%ﬂ
1

IIpuiioxkeHus: onpeaeeHHOT0 HHTErpajia K pelleHuI0 (pu3nyecKux 3a1a4

Cxema npUMEHEHHSI ONPENECICHHOIO UHTErpaja AJs BbIYUCICHHS! HEKOTOPOU BEJIMYHUHBI
U takoBa. CHayaja HYXHO BBIPAa3UTh HEKOTOPYIO MEPEMEHHYIO 4YacTh BEJIWYMHBI U B BUJE
¢byHkIuu U(X) OIHOrO U3 €€ apaMeTPOB, KOTOPBI H3MEHSETCSI B M3BECTHOM M3 YCJIOBHS 3a/1a4u
unrepBage a<X<Db. 3Barem cnenyer paccmorperh TupHpamieHue AU BenuuuHbl  U(X),
OTBEYAIOIIEE HM3MEHEHHI0 X Ha MaJlyl0 BEJIMYMHY AX, M DocrapaTtbCs HaWTH a1 AU
npubnmkeHHoe BeipakeHue Buma f(X) Ax Tak, 4ToObI OHO OTAMYANIOCH OT AU JHMIIb Ha
OCCKOHEUHO Majyr BenuuuHy. [Ipum 3TOM cremyeT mOJIb30BAThCS BCEMHU BO3MOXKHBIMHU
JOMYIIEHUSIMUA, KOTOpPbIE B HTOr'e CBOAATCS K OTOpAachIBAaHWUIO OECKOHEYHO MajblX BEJIMYMH.
Hckomas BennurHa U ONpenesaeTcss UHTETpUPOBAHUEM.

u=if(x)dx

3aga4ya 0 HAXOKIEHUM IYTH, IPOHIEHHOT0 TOYKOI
Eciu v = f(t) — ckopocTh NPSAMOIMHEHHO JIBMKYLICHCS TOYKM B MOMEHT BpeMeHH t, To
nepeMelIeHre TOUKHU 3a MPOMEXYTOK BpeMeHu [a; b] paBHO:

S:jlf(t)dt

[Ipumep 4. CkopocTh IBMKEHHS Tella B MOMEHT BpeMenH t 3amaetcs ¢popmymnoii v = 15 —
3t, rme v — ckopocTh, M/C; t — Bpems, ¢. Kakoli myTh MpOMIET TEJIO0 OT Havalia OTCYETa BPEMEHH
JI0 OCTAaHOBKH?

Pewenue. Tak kKaKk B MOMEHT OCTAaHOBKM TeJla CKOpPOCTh €ro paBHa 0, TO HYXHO
OTpEAENUTh MyTh, MPONHAEHHBIM TEIOM OT MOMeHTa BpemeHnu t; = 0 go t = 5 c. [logcraBus B

5 2 5
bopmyny, momyuum S = I(l5 —3t)dt =|15- 3t7 0" 37,5m.
0

33}13‘{3 0 HAXO0XKICHUH paﬁoTbI HepeMeHHOﬁ CHJIBI



Ecim nepemennas cuna F(X) neiictByer B HampaBienun ocu Ox, To paboTa CHiIbl Ha
orpeske [a; b] paBHa

A= _b[ F(x)dx

[Ipumep 5. Kakyro paboTy HYKHO 3aTpaTUTh, YTOOBI PACTAHYTh MPYXKUHY Ha 6 CM, eciu
cuna 1 H pacrsrusaer ee Ha 1 m?

Pewenue. Cornacno 3akony ['yka cuna F, pactsarusaromias npyxuHy Ha x, paBHa F(X) =
kx, e k — koo durrent nponopimonansroctu. [lomaras x = 0,01m u F(X) = 1 H, mony4um k =
100 u, cnemoBarenpno, F(X) = 100x. ITogcraBuM 3HadyeHuss B (GopMyay W HaiijeM HCKOMYIO
pabory:

0,06

|0
A= j 100xdx = 50X .
0

6
=0,18 JIx.

Ilpakmuueckoe 3auamue 12
Bvluucnenue geposamnocmeii cayuaiunsblx coovtmuil

Lenb paGoThl: BbUKCIEHNUE BEPOSATHOCTEN COOBITUHN MO KIACCHUECKON (opMyJie ONpeeraeHUs
BEPOSITHOCTH, Pa3BUTHE CaMOCTOSITEIIBHONW MBICIUTEIBHON JEATEIbHOCTH, BBIYHCIMTEIBHBIX
HAaBBIKOB, TBOPYECKOI0 MBILIUIEHUS 00 y4atOIUXCs.

IMoaroroBka k padore: [ToBropuTh TCOpEeTHUCCKUI MaTepuai o Teme «CoObiTHs. BeposiTHOCTB
COOBITU Y.

3aganue Ha 3aHATHE:

BAPHUAHT 1
1. B sammke umeercs 15 neraneit, cpenu kotopeix 10 okpameHHbiX. COOpIIMK Haynauyy
u3Biekaer 3 gnerand. HalTu BeposATHOCTH TOro, 4YTO M3BJICUEHHBIE JETald OKaXyTCA
OKpalLIECHHBIMHU.
2. B uexe pabotart 10 myxuus u 5 xeHumuH. Ilo TabenbHBIM HOMepaM HayAady OTOOpaHBI 7
yenoBeK. HaliTu BepoATHOCTb TOr0, YTO CPEAN OTOOPAHHBIX JIUIl OKAXKYTCS 3 KEHIIUHBI.
3. B ypue 10 6enbix u 5 uepHbIX mapoB. CKOIBKUMHU CIOCOOAMH MOKHO HayraJ BHIHYTH 3 1apa,
4yTOOBI 2 11apa OKa3aJduch OENIbIMU, a OJUH YEpHBIM?
4. OTnen TEXHUYECKOr0 KOHTPOJI OOHapykuia 15 OpakoBaHHBIX JlaMI B IapTHH U3 CIy4aiHO
oroOpanHbIx 200 nami. HaliTu OTHOCUTENIbHYIO YaCTOTY MOSBJIEHUS OpPaKOBAHHBIX JIAMII.
5. Ilpn ucnbplTaHUM NMapTUU NPUOOPOB OTHOCHUTENbHASI YacTOTa I'OAHBIX NMPUOOPOB OKa3anach
paBHoii 0,8. HalTH YK CII0 TOAHBIX MPHUOOPOB, €CIIU Beero Ob110 MposepeHo 250 npubdopos.

BAPUAHT 2
1. B ypue umeercs 20 mapos, cpeau KoTopbix 12 xpacHoro nsera. M3 ypHbl Hay1aqy U3BICKAIOT
5 mapos. HaliTu BEpOSTHOCTB TOT0, YTO U3BJIEYEHHBIE LIAPHI HE KPACHBIE.
2. B maptum u3 15 nperaneit umeercs 3 cranaaptHeix. Haynauy oroOpanbl 4 neranu. Haiitu
BEPOSTHOCTH TOTO, YTO CPEIU OTOOPAHHBIX JIeTalell POBHO 2 CTaHIAPTHBIX.
3. B rpynme 20 ronomeid u 10 aepymek. CKOJbKHMH CIIOCOOaMH MOXKHO M30paTh TpEeX FOHOIIEH
U IBYX JIEBYILEK JUIsl y4acTUs B CIE€TE CTYJEHTOB?
4. Ilo nemn npousseaeHo 40 BBICTpenoB, MpUYeM 3aperucrpupoBaHo 37 nomamanuil. Halitu
OTHOCHUTEJIBHYIO YAaCTOTY IIPOMAaXOB.
5. Ilpu UCHIBITAaHUU TIAPTUU TEJIEBU30POB OTHOCHUTENbHAsI 4acTOTa OpPaKOBAHHBIX TEJIEBU30pPOB
okazanachk paBHOM 0,15. HAWTH YKMCIIO KAYECTBEHHBIX TEIEBU30POB, eciau Obu1o mpoBepeHo 400
TEJIEBU30POB.

BAPUAHT 3



1. B smuke 100 neranmeit, u3 Hux 18 OpakoBanHbiX. Haymauy wu3Bnedenbi4 neramu. Haiitu
BEPOSATHOCTH TOT'0, YTO CPEIU U3BJICUEHHBIX JI€Tajiel HeT OpaKOBaHHBIX.
2. Ha cknage umeercss 25 KMHECKONOB, puyeM 15 M3 HUX M3rOTOBJIEHBI MHUHCKHM 3aBOJOM.
HaiiTn BepoSTHOCTb TOr0, YTO CpeiM B3SITHIX Haylady KHHECKOIOB OKaXyTcsi 4 KHMHecKoIa
MuHckoro 3aBoja.
3. B ypue 10 6enbix u 5 uepHbIX mapoB. CKOITBKUMHU CIOCOOAMH MOKHO HayraJ BHIHYTH 3 mapa,
YTOOBI OJIMH IIIap OKa3aJsics OeIbIMU, @ JBA YEPHBIM?
4. Ilo nemn npoussBeaeHo 30 BBICTPENOB, NIPUYEM 3aperucTpupoBaHo 28 nomaxanuil. Haltu
OTHOCHUTEJIBHYIO YaCTOTY MONAaJaHHH B LIENb.
5. Ilpu mpoBepke KauecTBa JIEKTPUUECKUX JIaMIIOUEK OKa3ajoCh, YTO OTHOCHTENbHAs 4acToTa
OpakoBaHHBIX JlaMmrodek paBHa 0,2. HaliTm dYHCIO KaYeCTBEHHBIX SJIEKTPHUYECKUX JIAMITOYEK,
ecnu Beero 0buto nposepeHo 600 naMmoyexk.

BAPUAHT 4
1. VYcrpoiictBo cocrouT u3 15 3yeMeHTOB, U3 KOTOphIX 4 wu3HoumieHbl. llpu BkiIOUEHHM
yCTpOHCTBA BKJIIOYAIOTCS ClIy4ailHbIM oOpa3oM 3 snemeHTa. HaiiTu BepoSTHOCTH TOro, 4YTO
BKJIFOUEHHBIMHU OKaXYTCSl HEM3HOIIEHHbIE 3JIEMEHTHI.
2. B rpynne 28 cTyAeHTOB, cpenu KOTOpbIX 6 oTiauuHuKOB. [lo crnucky Haymauy oToOpaHsl 9
cTyAeHTOB. HaiiTu BeposSITHOCTb TOT0, YTO CpeU OTOOPAHHBIX CTYAEHTOB 4 OTJIMYHUKA.
3. B maprum u3 12 peraneir mmeercss 7 cranpapTHbIX. HailTu BEpOSTHOCTBH TOro, 4To Cpeau
IIECTH B3SAThIX HAyraj Ageraneul 4 - ctaHaapTHHIE.
4. Otaen TEXHUYECKOTO KOHTPOJIA OOHAPYKUJI 25 OpakOBaHHBIX JeTallell B MapTUU U3 CIy4yalHO
oroopannbix 300 neraneit. HaiiTh OTHOCUTEIIBHYIO YACTOTY MOSBIICHUS CTAHIAPTHBIX JICTaJICH.
5. Ilpu mpoBepke y4yeOHHKOB OTHOCHTENIbHAs 4YacTOTa Kaue€CTBEHHBIX YUYEOHHMKOB OKa3ajach
paBHoii 0,85. HaliTH ynciio OpakoBaHHBIX KHUT, €CliU Bcero 0110 npoepeHo 400 yueOHUKOB.

IMopsinok npoBeeHUsI 3aHATHSA:
1. Tlomyunts goryck K pabore
2. BbIIOMHUATE 3a1aHUSA
3. OTBETUTH HAa KOHTPOJHHBIE BOMPOCHI.

Conep:xanue oTyera:
1. HammeHoBaHuUe, LI€]Ib 3aHITHS, 3aJaHHC;
2. BrImonHneHHoe 3agaHue;
3. OTBeThI Ha KOHTPOJBHBIE BOMPOCHI.

KOHTpOJILHLIe BOIIPOCHI AJI 3a4eTa:

Kaxoe coObITHE Ha3bIBAIOT JOCTOBEPHBIM?

Kaxkoe coObiTre Ha3bIBAIOT HEBO3MOKHBIM?

JlaiiTe onpeneeHne MPOTHBOMOI0KHBIX COOBITHIA.

Chopmynupyiite Kaccuueckoe OnpeneIeHre BepOsITHOCTH.

Uemy paBHA BEpOSTHOCTH IOCTOBEPHOT'O COOBITHSA?

Uemy paBHa BEpOSTHOCTH HEBO3MOKHOTO COOBITHS?

Kaxum HepaBeHCTBaM Y 0BJIETBOPSET BEPOATHOCTD JHOO0r0 COObITHS?
Uro Ha3bIBaeTCs OTHOCUTEIBHOW YaCTOTON COOBITHS?

ONoGa~wWN PR

IMPUJIOXKEHUE

BepOSITHOCTI)IO COOBITHS Ha3bIBACTCA OTHOIIICHUC qucjia QJIECMCHTAPHBIX HCcxXoao0s,
6HaFOHpI/I$ITCTBy10H_II/IX JaHHOMY COOBITHIO K YUCITYy BCCX PABHOBO3MOKHBIX 3JICMCHTAPHBIX
HCXOJ0B OIIbITA.



BepositHocTh coObiTHst A o6o3nauaror yepe3 P(A). Ecim gepe3s M 0003HAYUTH YHUCIIO

OJICMCHTAPHBIX HCXOI0B, 6HaFOHpI/I$ITCTBYIOIJ_[I/IX COOBITHIO

A a depe3 N- 4HCIO BCeEX

PaBHOBO3MOXHBIX 3JIEMEHTAPHBIX HCXOJ10B OIbITA, 00pa3yrOLIMX MOJHYIO IPYHIy COOBITUM, TO

1
2
3

Lenab padoTbl: popMHpOBaHME YMEHUH U HABBIKOB IIPU BBIYMCICHUU

m

P(A) = -

CBolicTBa.
0<PA) <1
P(A) = 1 nocroBepHoe cOOBITHE
P(A) = 0 HEBO3MOXKHOE COOBITHE

O0<m<n)

Ilpakmuueckoe 3anamue 13

Ananus, o6pabomka u cpaguueckoe npedocmasnenue OGHHBIX

MaATEMAaTHYICCKOI'O

OXUIOaHUA U JUCTICPCUN cnyqaﬁﬂoﬁ BCJIMYHHBI, CPEAHET O KBAJPATUIHOI'O OTKJIOHCHUA.

HoaroroBka Kk padore:

[loBTOpuTh TEOpeTHUECKUN MaTepuan 1o Teme «CiydaiiHble

BCIIMYUHBD).
33)1 AHMe¢ HA 3aHATHC:

1)

2)

3)
4)

5)

1)

2)

3)

4)

1 BapuanT
3BeCTHBI MaTeMaTHYECKHE OXUJAAHUS JBYX ClydaiiHeix Beimunn X u Y:M[X] =
3,M[Y] = 2. Haiitu MaTemaTHueckoe oxunanue seauunnsl Z = 2(X + 3Y)(2X —Y).
3aKOH paclpenelIeHus CIy4aiiHON BEIMYMHbl UMEET BUJL:
by 0 1 2

p 0,0625 0,375 0,5625

Haiitn MatemaTnueckoe 0XKMIaHUE U TUCIEPCUIO CITyYalHOM BEIUYMHBI.
B pesynbraTe 10 nu3amepenuii Beca tena moiaydeHsl 3Hauenus: 15, 16, 15, 14,
15,15, 13. Ouenutb MaTeMaTHYECKOE OXKUAAHNE U TUCIIEPCHUIO BECa TeJa.
HaliT MaTemaTHueCcKO€ OKHUAAHNE YU CIa OYKOB, BHITAJAIOIINX IIPU OpOocaHUU
UTPAIILHOM KOCTH.
JuckperHas cinyyaliHas BenuuHa X UMEET 3aKOH paclpeeaeHus
x 0 1 2
p 0,3 0,5 0,2
Haiitn nucnepeuto u cpegHee KBaApaTUYHOE OTKJIOHEHUE CIy4aliHOW BEINYUHBI.
2 BapHaHT
3BeCcTHBI MaTeMaTHYeCKUE OXKUJAHWs JBYX HE3aBUCUMbIX BennunH X u Y:M[X] =
4,M[Y] = 5. Haiitu matemaTnyeckoe oxunanue seanaunsl Z = 3(X + 2Y)(4X —Y).
Heo0xoaumMo OLIEHUTh MaTeMaTHUYECKOE OXUAAHME W JUCHEPCUI0 IO IOJy4EHHOU
BBIOOpKE, 3aKOH paclpeiesIeHus CIly4aiiHOM BEIMYMHBI UMEET BUL:
x -0,04 0,06 0,03
p 0,6 0,4 0,2
B pesynbpraTe n3mepenus 3apsia X HEKOTOPOro Tejla B CEpuu U3 11 ONBITOB IOy4YEHBI
CIIEAYIOIME PE3YIbTATHI:
x 7,28 7,30 7,31 7,33
p 2 4 3 2

Haiitn MaTeMaTnyeckoe 0)KUIaHUE U JUCIIEPCHUIO CIIy4alHOU BEIMYMHBI.
Halinute MaremaTnueckoe OXHAAHME JUCKPETHOW CIIy4allHOM BEIMYUHBI,
pacnpesesieHHst KOTOpoi 3a1aH Tabuuieit

X 3 4

16, 16, 16,

3aKOH

5 6 7




P 01 0,2 04 0,2 01

5) HaiiguTte quCHEpCHIo AMCKPETHOM ClIydalHOW BEIUYHMHBI X M €€ CpeiHee KBaApaTHUHOE
OTKJIOHEHHE — YHCJIa OYKOB BBIMAJAIONIUX MPU MOJ0PACBIBAHIH UT'PATHbHON KOCTH.

Hpuioxenue

MaremaTudeckass CTaTUCTHMKAa — OTO pa3jied MaTeMaTUKH, 3aHUMAaroIIUics
pa3paboTkoli METOJ0B cOopa, OOpaOOTKM W aHaM3a CTAaTHCTHYCCKUX JdaHHBIX JUIS
MOJIYYCHUS] HAy4YHBIX W TPAKTUYECKUX BBIBOJAOB. Teopusi BEpOSTHOCTEH SBISAETCS
TEOPETUYECKON OCHOBOM JJI1 MATEMAaTUYECKON CTATUCTHUKHU.

[Tycte TpeOyeTcsi M3y4UTh COBOKYITHOCTH OJHOPOIHBIX OOBEKTOB OTHOCHTEIHHO
KaueCTBEHHOTO HIIM KOJMYECTBEHHOTO MPH3HAKA, XapaKTEPU3YIOMIErO ITH OOBEKTHI,
HampuMep HEKOTOpOe MPEANPHUSITHE BBIMTYCKAET MApPTHIO OJUHAKOBBIX jerajnei. Ecim
KOHTPOJIMPYIOT J€Talii TI0 pa3Mepy — 3TO KOIMUECTBEHHBII MPU3HAK.

MOXHO MPOU3BOJUTH 3TOT KOHTPOJb CILIOIIHBIM OOCIEIOBaHUEM, TO €CTb
U3MEPATHh KKIBIH U3 00BEKTOB COBOKYMHOCTH. HO Ha mpakTHKe CIIOMIHOE00CcIe10BaHue
MPUMEHSIETCS PEIIKO:

a) M3-3a 0OYEHb OOJILIIIOrO YKCIa OO BEKTOB;

0) u3-3a TOro, 4YTO MHOrJa OOCJEIOBaHHME 3aKJO4YaeTcs B (U3HUYECKOM
YHUUTOXXEHUH, HATIPUMED, TPOBEPSIeM B3PHIBAEMOCTh I'PAHAT WJIM IPOBEPsieM Ha KPEmocTh
MPOU3BECHHYIO MOCYy U T.II.

B Takux ciydasx mpou3BOAUTCS CIYYAHBIA OTOOP OrpaHUYEHHOT O (HEOOIBIIOT0)
Yuclia 00bEKTOB, KOTOPBIC U MOABEPralOT U3YUCHUIO.

Botoopounoit cosokynnocmoio (BHIOOPKOI) Ha3bIBACTCS COBOKYITHOCTH CIIYYaiHO
OTOOpAHHBIX OJHOPOTHBIX OOHEKTOB.

T'enepanvHoii cO60KYNHOCHIBIO HA3BIBACTCS COBOKYIMHOCTh BCEX OJHOPOJIHBIX
00BEKTOB, U3 KOTOPBIX MTPOU3BOAUTCS BHIOOPKA.

O6bemom COBOKYITHOCTH (BBIOOPOYHOM MIIM T€HEepaJbHOW) HAa3bIBAECTCS YHCJI0
00BEKTOB 3TOW COBOKYITHOCTH.

[Ipu Habope BBIOOPKU MOXHO MOCTYIATh JBOSIKO: MOCIIE TOrO Kak 00BEKT 0OTOOpaH
Y HaJl HUM MPOU3BEICHO HAOIII0/IEHNE, OH MOXKET OBITh BO3BpAIIlEH MO0 HE BO3BpAllleH B
TeHEePATbHYIO COBOKYITHOCTh. B CBSI3UM C 3THM BBEIOOPKH MOAPA3IEISIIOTCS HA MIOBTOPHBIC H
O€eCIIOBTOpHBIE.

Jl51s TOoro 4To0BI MO JaHHBIM BBIOOPKU MOKHO OBIJIO TOCTATOYHO YBEPEHHO CYAMUTH
00 HHTepecylolleM Hac MpHU3HAKE TEeHEpaJbHOW COBOKYMHOCTH, HEOOXOIMMO, 4TOOBI
O0BEKThl BBIOOPKM TMPABUJIBHO €r0 TMPEACTABISIH. OITO TpeOOBaHUE KOPOTKO
bopmynupyeTcs Tak: BbIOOpKA 10JKHA ObITh pEIPE3EHTATUBHOM (MIPEACTaBUTENbHOM).

Cnocobvl ombopa 6v100pKuU:

1. Or6op, He Tpebyrommii pacuieHeHns TeHepalbHONH COBOKYMHOCTH HA YacTH:a)
MPOCTOM CITy4ailHbIi 0E€CIIOBTOPHBIN;

0) MPOCTO# CITy4aitHbIi TOBTOPHBIN.

2. Ot6op, Ipu KOTOPOM r'eHepaibHas COBOKYIHOCTh Pa30MBaeTCs HA YacTu (eciu
00BbeM reHepaJIbHOW COBOKYIHOCTH CIAMIIKOM OOJbIION):

a) tunuyeckuil otrbop. OOBEKTH OTOMpaOTCs HE W3 BCel TeHepalbHON
COBOKYITHOCTH, a W3 €€ «TUIUYHBIX» yacTed. Hampumep, IleX W3 TPHALATH CTAaHKOB
IPOU3BOJUT OIHY U Ty K€ JieTaib. Toraa otOop enaeTcs Mo OJHOM MM MO JIBE JIETalH C
Ka)JIOT0 CTaHKa B CITy4yaifHble MOMEHTHI BPEMEHH;

0) mexanumyeckuii orOop. Hampumep, ecim HyxHO BBIOpaTh 5% neraneit, To
BBIOMPAIOT HE CITy4aiiHO, a KaXKAYIO BaLATYIO 1E€Tajlb;



B) cepuitHblil 0T00p. OOBEKTHI BHIOMPAIOT HE 10 OAHOMY, & CEPUSMHU.

Htak, mycTb B COOTBETCTBUHM C TE€OpHEH 0TOOpa M3 TI'eHepalbHOU COBOKYIHOCTH
3HAYEHUI HEKOTOPOT 0 KOJIMYECTBEHHOr O IPU3HAKa Mpou3BeeHa BIOOpKa o0bema N:
rae X = {X1,X2,X3,...,Xp |,

Xj (i=1,...,n) - uKCIOBBIE 3HAUEHHS, KOTOPBIE MOTYT OBITh TOJIOKUTEIBHBIMH,

OTPpULATCIIbHBIMHU, I CJIBIMHA UJIU ,Z[pO6HLIMI/I.

Tabmmma 1.1
No 1 2 3 e n

Tabmuma 1.1. Ha3bpIBaeTCs OPOCTHIM CTATHCTUYECKHM PSJIOM, SIBISIOMIMMCS MEPBUYHOMN
dbopMoii npeACcTaBICHHUS CTaTUCTUYECKOro MaTeprana. Heo0xoauMo BBISICHUTS (C TOW WUIIH
MHOW CTEMEeHHO JOCTOBEPHOCTH), KaKUM 3aKOHOMEPHOCTSM TMOAYMHAIOTCA 3HAaueHUs
Hareit BEIOopku. C 3TOH LEbIo TPOU3BOASTCS CIENYIONINe TpeoOpa3oBaHus B BEIOOPKE.

W3 mammeix tabm. 1.1 maxomsar X min 1 Xmax , COOTBETCTBEHHO HAaWMEHBLIIEE U HAUOOJIBIIEE

3Ha4eHus BbIOOpKHU. 3aTeM naHHble Tabu. 1.1 pacnmomararoT B mopsiike

BO3pacTaHUsl. Torma BeIOOpka X = {Xl X2, X3, X }, 3amucaHHas B
NOpsJIKe )
BO3pacTaHus, HA3bIBAE€TCS BAPUALIMOHHBIM PAJIOM, a €€ 3HAYEHUsI —BApUAHTAMH.
Paszmax BbIOOpKM — 53TO JJMHA OCHOBHOIO MHTEpBaia [Xmin 7 Xmax
], B
KOTOpPBI  TOMajaroT  BCE 3HA4YEHUsT  BBHIOOPKHU.  Bpramcisercs pasmax
BBIOOpKH

ciemyronmmM oopasom: d = Xmax — Xmin -

MaTteMaTH4eCKUM OXXKHUAAHUEM HJIM CPCIHHUM 3HAYCHUCM I[I/ICerTHOI‘/‘I cnyqap“lHoﬁ BEIUYHUHEBI X
C 3aKOHOM pacCinpeacCICHUs

X Xq Xy .. Xn
P b1 b2 Pn

HAa3bIBAETCS YHUCIIO
M[X] = x1p1 + X202 + = + XpDn
Hucnepcueil cinydailHOW BEIMYMHBI HA3bIBACTCS MATEMAaTHYECKOE OXHUJAHHE KBaapara

OTKJIOHEHMS! CITy4alHOM BETMYMHBI OT €€ MATEMATHIECKOTO OJKHIAHHS.
D[X] = M[(X — M[X])?] wmu D[X] = M[X?] — (M[X])?

o[X] = {/D[X] — cpennee kBagpaTHUHOE OTKIOHEHHE CAyYAMHON BETUYHUHBL X.
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